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AHHOTALUMA

BBegeHue. [pobnema vccnegoBaHus npouecca TpaHchopmMaunm perynsipHon CTEPXKHEBON CUCTEMbI M3 UCXOQHOrO No-
CKOrO COCTOSIHWS! B @apO4HYH0 (hOpMy NpU yNpaBrsieMoOM KUHEMaTUYECKOM BO3AeNCTBUN BasnpyeTcs Ha peLLeHnn reoMeTpu-
YecKu HernvHenHOW 3aJadn CTPOUTENbHOWM MeXaHuku. B nutepaTtype npakTuyecku OTCyTCTBYIOT CBEeAEeHWs O MaTteMaTuye-
CKOM MOZEeNnvMpoBaHUn TpaHCOPMUPYEMBbIX LLIAPHUPHO-CTEPXKHEBLIX CUCTEM C Y4ETOM (POPMOM3MEHEHHUS, B CBS3W C 3TUM
aKTyarnbHO HanpaereHne, CBA3aHHOEe C pa3paboTKON MHXXEHEPHOW METOAMKN, pacyeTa reoMeTpUYeckn N3MeHsIEMbIX KOH-
CTPYKLMIA C MPUMEHEHNEM METOAA KOHEYHbIX 3MIEMEHTOB.

Matepuansi u Mmetoabl. [peactaBneHbl METOAMKA KOHEYHO-3IIEMEHTHOIO MOZENMPOBaHNS (POPMOU3MEHEHNS PETYTISIPHOM
rekcaroHarnbHOW CTEPXXHEBOW peLUeTKU C UCMONb30BaHWEM YNPYrnx LUApPHUPOB B Y3MOBbIX COEAUHEHUSIX GanoyHbIX ane-
MEHTOB W NPUMeEHeHVe npoLeaypbl UHKPEMEHTANbLHOMO KMHEMAaTUYECKOro BO3AENCTBUS HA KOHTYPHbIE y3rbl. PAaccMoTpeHb!
[Be MOJenu y3noBbIX CoeaAnHEeHNI: 0bblyHas (CBSI3blBatoLLA@s NepeMeLLeHUs U YIibl MOBOPOTa Y3/10B 31eMEHTOB pPeLLETKM
C COOTBETCTBYIOLMMM y3riamu NIOLLAA0K COEAUHEHWUIA) U C YNPYTMMU LLAPHUPaMMU.

Pesynbratbl. OCOGEHHOCTL NpeanaraemMon MOAENM Y3MoBbIX COEAMHEHUN BanoYHbIX KOHEYHbIX 3NIEMEHTOB 3aKIo4YaeTcst
B BBEAEHUM LLUECTN KOMOUHUPOBAHHbIX 31IEMEHTOB C PA3NMYHbIMU 3HAYEHUSIMU KO3 DULIMEHTOB NIMHEVHBLIX Y MOBOPOTHbIX
xecTkocTel. [puBoaATCSA CpaBHUTENbHbIE PE3YnbTaThl BbIYUCIIUTENBHLIX 3KCNEPUMEHTOB A5t MOAENEN PELLETOK C ynpyru-
MW LapHUpamu 1 6e3 ynpyrux WapHUpoB; pesyrbTaTbl MOAENMPOBaHNS B BUAE rpachukoB 3aBUCMMOCTU «CTPerbl» Nogbema
OT YMcna LwaroB TpaHcgopMaLummn Ans pasnuyHbIX 3HaYEHNUIA KECTKOCTEN NMOBOPOTHbIX MPYXUWH.

BbiBoabl. Npegnaraembiii NpsIMO MHKPEMEHTamNbHbIV anropuTM peLIEHNst TeOMETPUYECKN HENMMHENHOW 3a4a4uu ABNSETCs
abconoTHO cxopsawmmes. Ha ocHoBaHUM pe3ynsTaToB MOAENUPOBaHUs npoecca hopMON3MEHEHUSI reKcaroHanbHow pe-
LLUETKN MOXET ObITb CNPOEKTMPOBaHa KOHCTPYKLUSI LUIAPHUPHO-CTEPXXHEBOMO CoOeanHeHUs. PaccMoTpeHHast TpaHcdopmaLmst
rekcaroHanbHOW peLleTku NpeacTaBnseT onpeaeneHHbl MHTepec kak 3D-apT-NpoekT B 06rnacTy apXuTekTypbl U An3aiHa.
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ABSTRACT

Introduction. The problem of studying the process of transformation of a regular rod system from an initial flat state to
an arched shape under controlled kinematic action is based on solving a geometrically nonlinear problem of structural
mechanics. There is practically no information in the literature on the mathematical modelling of transformable hinge-rod
systems, taking into account the shape change, in this regard, the relevant direction is related to the development of engi-
neering techniques for calculating geometrically variable structures using the finite element method.

Materials and methods. This paper presents a technique for finite element modelling of the shape of a regular hexagonal
rod lattice using elastic hinges in the nodal joints of beam elements and applying the procedure of incremental kinematic
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action on contour nodes. Two models of nodal joints are considered: conventional (connecting the displacements and angles
of rotation of the nodes of the lattice elements with the corresponding nodes of the joint pads) and with elastic hinges.
Results. A feature of the proposed model of nodal joints of beam end elements is the introduction of six combined elements
with different values of linear and rotational stiffness coefficients. Comparative results of computational experiments for lat-
tice models with elastic hinges and without elastic hinges are presented. The simulation results are presented in the form
of graphs of the dependence of the “boom” of lifting on the number of transformation steps for various stiffness values of ro-
tary springs.

Conclusions. The proposed direct incremental algorithm for solving a geometrically nonlinear problem is absolutely con-
vergent. Based on the simulation results of the hexagonal lattice shaping process, the hinge-rod joint structure can be
designed. The considered transformation of the hexagonal lattice is of particular interest as a 3D art project in the field
of architecture and design.

KEYWORDS: hexagonal lattices, finite element method, nodal connections, geometric nonlinearity, direct incremental
method
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BBEJIEHUE

OnHUM M3 KpeaTHBHBIX HAIPABICHUI B COBPEMEH-
HOM apXMUTEKType SABISAETCS TaK Ha3bIBAEMBbIl KHHETH-
YECKHUM Ju3aiiH, OCHOBAHHBIN HA YNPABIsEMOM HU3Me-
HEHWH T€OMETPUH KOHCTPYKIMHU C LIEIbI0 MOTYICHUS
TpeOyeMbIX 00bEMHO-TNIAHHPOBOYHBIX penieHui [ 1, 2].
K atomy cTout 100aBUTh (OPMONZMEHEHHE KOHCTPYK-
IIMOHHBIX JIEMEHTOB (hacasoB 37aHMH MO CXEME OpH-
ramu. Vnest co3pannst MOZOOHBIX CTPOUTEILHBIX CO-
OpYXEHUI BO MHOTOM TNEPEIIETAeTCs ¢ TEXHUYECKHUMHU
peleHusAMHU B 00JIACTH KHHEMAaTHYECKU N3MEHSIEMbIX
A9POKOCMHMUYECKHUX CHCTEM THIIa PACKPHIBAEMBIX Ia-
HeJlell CONHEUHBIX 0aTapei M KphUIbeB C U3MEHSIEMON
reomerpueit [3—7]. Takxe B TpaHCPOPMUPYEMBIX Me-
XaHUUYECKHUX CHCTEMaX BaKeH CUMON03 POOOTOTEXHHUKH
1 OMOMEXaHUKH ISl TIPOSKTHPOBAHUS pOOOTOB-aH IPO-
ujoB [8]. Kak npaBuio, UCTIONIHUTEIbHBIE MEXaHU3MBI
COBPEMEHHBIX NPOMBIIIICHHBIX POOOTOB COBEPIIAIOT
OoupIMe TEpEMENIEHUS B TPEXMEPHOM TTPOCTPAHCTBE.
CrnenoarenbHO, cucteMa U GepeHInaIbHbIX YpaB-
HEHUU KUHETOCTATHKH, OTIMCHIBAIOIIAsI PAOOUNid KT
POOOTOTEXHIMYECKON CHCTEMBI, OyAeT HETWHEHHOMH.
Kpome 31010, y310BbI€ COETUHEHUS TAKUX MEXAHU3MOB
BBIMOJIHSIIOTCSI B BU/I€ IAPHUPOB C OOPaTHBIMU CBSI3sI-
MH, 9TO CYIIECTBEHHO YCIIOXHSET MPOLECC KOMIbO-
TEPHOTO MOZEINPOBAHUSL.

Heo0XoquMo 0TMETHTb, YTO B JINTEpPATypE 10 CTPO-
UTETHHON MEXaHHUKe MPAKTHUECKH OTCYTCTBYIOT CBEJIC-
HHUSI 0 MareMaTH4eCcKOM MOJAEIHPOBAHUU TpaHchop-
MUPYEMBIX HMIAPHUPHO-CTEPAKHEBBIX CUCTEM C YUETOM
(hopmonsmenenus. B 910l cBs3M akTyanbHO Harpasiie-
HHE, CBSI3aHHOE C pa3paboTKOi HHKEHEPHON METOTUKH,
pacueTa TeOMETPUIECKH M3MEHIEMBIX KOHCTPYKITHH
C HCTIONIb30BAHUEM METO/Ia KOHEUHBIX AeMeHToB (MKD)
[9, 10]. KoneuHo-311€MEHTHOE MOIETTUPOBAHHE CTEPIKHE-
BBIX KOHCTPYKIMH 0a3upyeTcs Ha MPUMEHEHUN MaTpH-
1Bl JKECTKOCTH 0aJouHOTO KOoHeuHoro atementa (KD)
C 1IECThIO cTeneHs MU cBoOoabl B y3ie [11-13]. B pam-
Kax JIMHEHHOTO aHaJIM3a MEePEeMEILCHUSI M YITIbI II0BOPOTA
6anounoro K3 cunrarorcst MassiMu. OJJHaKO M3BECTHO,
YTO JIJIsi THOKHUX CTEPIKHEBBIX CUCTEM XapaKTEePHbI 00JIb-

16

1Y€ JIMHEIHbIE U YITIOBbIE NEPEMEIEHUs IPH MabIX
nedopmanusix [14, 15]. B atom citydae yucieHHOe pe-
HIEHHUE FeOMETPUUECKH HETMHEHHOH 3aauu CTPOUTCA
Ha 0a3e uTepanroHHOM mponeaypsl Herotona — Padceo-
HAa U METOJa «KOPPEKTUPYIOLIUX Iyr», CyTh KOTOPOTO
COCTOUT B aIallTUBHON KOPPEKTUPOBKE BEIMUYMHBI I11ara
Harpy>XeHus! P NPHOIIIKEHUH U TT0CIIE TPOXOKACHHS
TOuKH Ondypkauuu [16, 17].

VYrpouieHHbII MeTo/1 pacueTa rHOKUX YIIPYTHX CTep-
JKHEWl OCHOBAH Ha MPE/ICTaBICHUN CTEPKHS HabOpOM
NPsIMOJIMHENHBIX OanouHbx KO oanHakoBo# JUTHHEL, CO-
€IMHEHHBIX B 30HaX CONpsDKEeHUs npyxuHami [3]. Ipu-
Mep 0aIOYHO-TTPYKMHHON CXEMBI KOHCOIIBHOTO CTEPIKHS
MOKa3aH Ha puc. 1.

[onaraercst, 4TO MeXIy Y3I0BBIM MOMEHTOM H CO-
OTBETCTBYIOILUM yIJIOM ITOBOPOTA CYILECTBYET JINHEH-
Hasl 3aBUCHMOCTb!

M=ka;i=1,2,3,

rie k — k03¢ UIHEHT MPOTTOPIINOHATFHOCTH, XapaK-
TEPU3YIOMNK B TAHHOM CIy4ae yNpyrylo ’KeCTKOCTb
mrapaupa. B padore [3] anms pacuera rHOKHX CTEpKHEH
B JIByMEPHOM MOCTAHOBKE MCIOJb30BaH CIEAYIOINN
(hyHKIMOHAT:

t1 M
D= ?[Eﬁdx _Z(Miaf)x:x, +H,

rae M — n3runbaromuii MOMEHT Ha CBOOOIHOM KOHIIE
CTepKHs; £J — M3ruOHas KECTKOCTh CTEpXKHs; M,

Puc. 1. banouHo-npy>XMHHAast cXeMa THOKOTO CTep KHS (pHCY-
HOK aBTOPOB)
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0L, — PEAKTHBHBIE MOMEHTBI B MPYKMHAX COMPSKEHHS
u yriiel moBopotoB 6anounsix K9; IT — pabora BHem-
HUX CHIL

IIpu »TOM cunTaeTcs, 4To ynpyras KeCTKOCTb Mpy-
YKFH DKBUBAJICHTHA U3TMOHOMN KECTKOCTH cTepHsL. [Ipen-
CTaBJICHHAsI KOHIICMIHS 1e(hOPMALIMOHHOTO MOJICITPOBA-
HUA Y3KOCTICHATN3UPOBAHA ¥ HE MOYKET OBITh HAIPSIMYIO
pacrnpocTpaHeHa Ha 3a7ja4d CTPOUTEIbHON MEXaHUKH,
CBSI3aHHBIC C UCCIICOBAHUEM MPOCTPAHCTBECHHBIX KUHE-
MaTHYeCKH TPaHC(HOPMHUPYEMBIX CTEPIKHEBBIX CHCTEM.

MATEPHAJIBI U METO/JbI

KoneuHo-311eMEeHTHOE MOZIeIMpOBaHNE Iponecca
TpaHc(hOpMaIUU PETYJISIPHON CTEPHKHEBOM reKcaro-
HaJIBHOM PELIETKH IPHU IIarOBOM CMEIIEHUH KOHTYp-
HBIX Y3JI0B B HAallpaBJICHUH TNI00AIbHBIX ocel X 1 Y BbI-
MOJIHWIIK B cpefie nmporpaMMmHuoro kommiekca ANSY'S
Mechanical [18-20]. [lnst HanucaHusi MaKpoCcoB HcC-
10JIb30Baji BCTpOeHHbIM B ANSY'S s13b1k nporpammu-
poBanust APDL. Kaxplil cTepikeHb peleTku U Imio-
IIaJIKK Y3JIOBOTO COCIMHEHUS MPEICTABUIN B BHUJE
onHoro 6aixounoro KD.

PaccMoTpuM 1Be MOAENHN Y3TIOBBIX COSANHEHUM:

* OOBIYHYIO, CBSI3BIBAIOILYIO IEPEMEIICHUS U YIJIbI
MIOBOPOTA y3JIOB MIEMEHTOB PEUIETKH C COOTBETCTBYIO-
IIMMH y3JIaMH TUIOIIAJI0K COSTUHEHHI;

* C YNpPYrHMH IIApHUPAMH, PACHOIOKECHHBIMH
MEK/Ty Y371aM1 2JIEMEHTOB PELIETKH U y371aMH1 IJIOIIA 10K
COEIMHEHUI.

Iporiecc Tpanchopmaruu HOpPMbI KaXKIOTO CTEPIK-
HSl U3 UCXOJHOTO COCTOSTHHS B KOHEYHOE IPEICTaBUM
B BH/JIC MOCTIEIOBATEILHOCTH I1aroB. Ha xakaom mare
CHayasa yJajusieM MpeiblIyIIyi0 KOHEYHO-3JIEMEHTHYIO
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x Y
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Zj
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Puc. 2. Cxema Tpancdopmanuu reometpun 6anoqnoro K3 (n

" =x? + Aul 4

CETKy, a 3aTeM 10 OTKOPPEKTHPOBAHHBIM C YIETOM I10-
JIY4eHHBIX MEpeMeIleHNH KoopinHaTaM y3JI0B CTPOHM
HOBYIO ceTKy. [Ipu 3ToM Tomonorndeckast nHGpopMarys
0 KOHEYHO-3JIEMEHTHON MOJIENH PEHIETKH MOJTHOCTHIO
coxpansiercsa. Ha puc. 2. mpuBezieHa cxema KOPPEKTH-
poBKH KoopanHaT y3110B KD Ha k-M miare knHemaruue-
CKOM TpaHc(opManu.

PE3YJBTATBI HCCJEJOBAHNA

1 neMoHcTpanuy npeagaracMoi KOHIETIUH Jie-
(hopmaroHHOTo OPMON3MEHEHHST BBHITIOJTHUM KOHEUHO-
3NIEMEHTHOE MOJISTMPOBAHKE Mporiecca TpaHc(hopManun
PEryJsipHON CTEpAKHEBOI CHCTEMBI U3 MCXOHOTO ILIO-
CKOTO COCTOSIHUSI B apOuHYIO (hopMy ITpH JTHUCKPETHOM
KMHeMaTH4eckoM Bo3nelcTBuu. Cxema paccmarpu-
BAa€MOW Ie€KCaroHaJIbHOW pEryJsipHO-CTEPKHEBOUM pe-
HIETKU B UCXOHOM (HauaJIbHOM) MOJIOXKEHUH MOKa3aHa
Ha puc. 3.

Ha puc. 3 KOHTpOJIbHBIE 3HAUEHUSI Pa3MEPOB STUEH-
KM PCIICTKH B HAYaJIbHOM COCTOSIHHH S, = 0,966 M, s, =
= 1,058 m; nudpamu /-3 0003HAUYECHBI CTEPKHH,
JUTSt KOTOPBIX BEIYHCIIAIOTCS YTIIBI OPHCHTALNN O, 0L, OL,
B TIporiecce (POPMONU3ZMEHEHHS PEIETKH.

Mozienb OBTOPSIIOLIETOCS Y3JI0BOTO COETUHEHMS,
MO3BOJISIONIAsT MOAEINPOBaTh (POPMOU3MEHEHNE pe-
IIETKH, MIPE/ICTaBIeHa Ha puc. 4. JlaHHAst MOZIENb BKIIIO-
yaeT marpopmy ¢, 00pa30BaHHYIO U3 TpeX HexehOopMu-
PYEMBIX CTEPKHEBBIX 2JIEMEHTOB. B Kaxkaoi BepLInHe
PaBHOCTOPOHHErO TPEYToJbHUKA ¢ MEXAY MapHBIMU
Y3JIaMH I, j paCIIOJIOKEHBI YIIPYTHE IIIAPHUPEI.

Kax noxa3zaHo Ha puc. 4, kaxJbplii ynpyTuil map-
HUP BKJIIOUAET TPH JIMHEHHBIX U TPH MOBOPOTHBIX IPY-
JKUHBL. 711 0003HAa4YEHUs SIEMEHTOB YIIPYToro Imap-

— k-1 )
=X +Aux/
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=y; +Auy/
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HUPA TPUHATHI CIEAYIONINE CUMBOJIBL: K , ky, k_— xo-
3¢ unreHTH KecTKocTel MuHeHHBIX npyxuH (H/m),
OPUEHTUPOBAHHBIX BIOIbL ocell X, Y, Z; lgx, lgy, lgz —
COOTBETCTBYIOIINE )KECTKOCTH MOBOPOTHBIX MPYKHUH
(H-m/pam). Kaxxasiii crep:keHp peIIeTKA MOCTHPYeM
oaHuM OastounbsiM KD.

Ha puc. 5 npuBeneHa pacueTHas cxeMa pelieTku,
COOTBETCTBYIOIIAass CHHXPOHHOMY CHMMETPHUYHOMY
KMHEMaTH4YeCKOMY BO3/ICHCTBHUIO Ha y3JIbI C KOOP/IH-
Haramu X = 0 u x = 9,76 M. Haznagaem crnemyrormme
napaMeTpsl IS polecca TpaHc(hopMarim: cTapToBoe
3Ha4YEHHE «CTPENbD MoabeMa pemeTky f, = 0,01 m; 3Ha-
uenue mara npupamenus A = 0,01 m; yucio mraros
o = 200. Bo Bcex pacdyerax BBOJUM y4eT COOCTBEH-
HOTO Beca KOHCTPYKUUH. OTMETHM, YTO «CTapTOBOE
MIOJIOKEHUE PEUIETKH MPU 33JaHHBIX CTAaTUYECKUX Ipa-
HUYHBIX YCIIOBHUSIX COBIAJIACT C IMEPBOH COOCTBEHHON
dhopmoti.

Mexanuyeckre KOHCTAHThI CTEPKHEH pelieTKu
(aJTFOMUHUMEBBIN CIUTaB): MOMYJIh yIPYrocTH £ = 6,8 x
x 10* MIla; xoadunuent [yaccona v = 0,32; mior-
HOCTh p = 2885 kr/M*. Moyab yIpyrocTd mpakTHue-
CKH HeNe(pOPMHUPYEMBIX CTEPKHEH MIaTGopMbl £ =
= 10° MIla. Crepsxuu peurerku (aausa 0,4423 m) u y3-
noBbix miaardopm (amuHa 0,1 M) uMerT TpyOUaTyio
(hopMy HOTIEpEYHOTO CEYEHHs C HApY KHBIM THaMETPOM
0,018 M. Tonmmuna crenku TpyOsr 0,0015 M. 3HaueHus
K03((HHUIMEHTOB KECTKOCTH k , ky, k_ npuaMMaeM vuc-
JICHHO PaBHBIMU BeJIMUKHE E.

PesynbraThl MOJETUPOBaHUs B BHJE I'paHUKOB
3aBHCHMOCTH «CTPENBI» MOAbEMA [, OT YMCNIa IaroB
TpaHchopManny i Ul pa3IuIHbIX 3HAYEHHH JKECTKO-

Y

X

Puc. 3. Cxema rekcaroHaJibHOW peleTKH B UCXOTHOM TTOJIOXKE-
HUH (PHUCYHOK aBTOPOB)

CTel MOBOPOTHBIX MPYKUH MPEICTABICHBI HA pHC. 6.
Ha puc. 6 muanusm /—4 cOOTBETCTBYIOT 3HAYCHUS lgx,
k., k_: 1000, 3000, 5000, 10 000 (H-m/paz). Tpadux,
BBIITOJIHEHHBII IITPUXOBOW JIMHHEH, COOTBETCTBYET
BapUaHTy peuieTku 0e3 ynpyrux mapHupoB. U3 npu-
BEJICHHBIX I'Pa(UKOB CIICAyeT BBIBOJ O HEIMHEHHOM
3aBUCHUMOCTH 3Ha‘IeHI/IHf; OT BCJIUWYHUHBI KMHEMATU-
YECKOTO BO3JICHCTBHS Ha Y3JIbl PELICTKH C KOOPIH-
HatamMu x = 0 1 x = 9,76 M. KoHEUHBI apOUYHBIN BUJI
pewerku npu n, = 200 nns k., lgy, k. 1000 H-m/pan
u 10 000 H-m/pax mokasax Ha puc. 7.

I'paduku M3MEHEHUI pa3MepoB SYeeK B 3aBUCHU-
MOCTH OT IIIara TpaHc(OpMAaIiK IPUBEICHBI Ha pHC. 8.

st cpaBHeHus Ha puc. 9 nokazaHa rpaduyeckas
~ 1 Il pelieTKy 0e3 ynpyrux map-

3aBUCUMOCTH Sa

b

Puc. 5. PacueTHas cxema, COOTBETCTBYIOMIAs CAMMETPHYHOMY KHHEMATHIECKOMY BO3IEUCTBHIO A (PHCYHOK aBTOPOB)
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Puc. 8. I'paduxu s, ~i:a — lgx = lgy = IEZ =1000 H-m/paj;
b— k, =k, =k, =10 000 H-w/pan
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Puc. 7. ApouHbIii BUI pEIIETKH: a — lgx = Igy = lgz =
=1000 H-m/pan; b — k., = k, = k. =10 000 H-m/pan (pu-
CYHOK aBTOPOB) Puc. 9. I'paduku 8, 1 AN PEIIeTKH 0e3 yIpyrux napHHpOB

0 40 80 120 160 200 i

Puc. 10. ®parmeHT apodyHON PEIICTKH (ng = lgy = Igz = 1000 H-m/pan)
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o, pan @, pan o, pan
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Puc. 11. I'paduxu o, ~i:a — k, = k, = k. =1000 H-m/pamx; b — lgx = Igy k. =10 000 H-m/pax; ¢ — 6e3 ynpyrux map-

HHUPOB
o, paz o, par o, pax
1,048 1,047 1,043
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Puc. 12. I'papuxu o~ita—k, = IE = lgz = 1000 H-m/pax; b — lgx = Ig}, = lgz =10 000 H-m/pan; ¢ — 6e3 ynpyrux map-
HHUpPOB
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, 1,6 1.6
15
1,55 L3 14
L5 13
; 12
1,45 1,2 ’
1,4 1,} 1
1,35 i 0.9 1 0.8 L
2 0,8 0,6
1122 0.7 b 2
2207740 T80 120 160 200i %00 20 80 120 160 200i %*(0 40 T80 130 160 200
a b c

Puc. 13. I'paduxu a_~i: a — IEX = Igy = I:tz = 1000 H-m/pan; b — ng = Igy = lgz =10 000 H-m/pan; ¢ — Ge3 ynpyrux map-
HHMPOB

HUpPOB. V3 mpuBeneHHBIX TpapUKOB BUHO, yTO Mak- = 200 (110Ka3aHO MOJIOKEHUE CTEPIKHEBBIX DJIEMEHTOB,
CHMallbHOE W3MEHEHHE pa3Mepa AYEHKHU S, COCTABIA-  NPUMBIKAIONIMX K OTIOPHBIM Y3J1aM).

er 0,4 M Ha puc. 6, a; 0,056 m Ha puc. 6, b n 0,01 m Crientyet OTMETHTb, 9TO JUIs pa3pabOTKH KOHCTPYK-
Ha puc. 9. Pasmep s, H3MEHAETCS COOTBETCTBEHHO WM Y3JOBOTO COEIMHEHMS I'€KCArOHAIBHON PEIIETKH
Ha 0,016 u 0,0014 m. [Ipudyem B 000UX Ciydasix Xa- HEOOXOIZMMO MMETh JaHHbBIC 00 M3MCHEHHH OPHCHTALMN
pakTep rpauKoB s ~ i KAYECTBEHHO COBNAJAET, T.€.  CTepKHEH B mpouecce TpaHchopmaiuu. C 3ToH 11esbio
B HavaJie TpaHC(HOPMAIMK OTMEUYAETCsl PE3KOe YMEHb-  OBLIO BBIIIOJIHEHO UCCIIEI0BAaHUE 3aBHCHMOCTH YIJIOB I10-
LICHNUE, 4 3aTeM TONOTHii pocT. Kak u ciiefoBano oxu-  BOpOTa 0, 0, 0 CTEPXKHEi /, 2 (puc. 11) ot mara TpaHc-
AaTh, pemetka ¢ k, =k, = k. = 1000 H-m/pan sensiercs  dopmanmu i. I'paduxn o ~ i, 0L~ I, O ~ i JUISL PEIIeTOK
Hanbojee «ryTTalepueBoi» NPy 3alaHHOM BHE KHHE- € YIPYTUMH IIAPHAPAMU [IPH 3HAYCHUSX apaMeTpoB £ ,
MaTtuueckoro BozzaeiicTeus. Ha puc. 10 npeacrasiena I:ty, l;z 1000 H-m/pan, 10 000 H-m/pan, a Taxxe pemiet-

BH3yaJIM3alis (pparMenTa JaHHO! PEUIeTKH K 1, =  Ki 0e3 yNMpyruX MIAPHAPOB NPHBEICHE! Ha puc. 11-13.
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PeSy.]'H:TaTI:I MOJaJIbHOT'O aHaIu3a

bes ynpyaux wapnupos

A, = 1,440 T

=

A, =3,538 T

%, = 3,707 T

C ynpyeumu waprupamu

A, = 1,404 T A, =2,010T

Puc. 15. I'paduku: a —f, ~i; b —s ~i

W3 ipencTaBneHHBIX TpaguKoB BUIHO, UTO HAHOOJIEe HH-
TEHCHBHO TIpH TpaHC(OpMaLuK IPOUCXOIUT H3MEHEHHUE
ymioB o (puc. 11) u a_ (puc. 13).

MakcumanbHOe YBENMUECHHUE YTIIa O TS CTEPIKHS 2
(puc. 1) cocraBmsiet: 5,7° (puc. 11, a); 43° (puc. 11, b);
51,6° (puc. 11, ¢). Ipu sTOoM yrom o_ ymenbmaeres: 17,6°
(puc. 13, a); 55,6° (puc. 13, b); 57,3° (puc. 13, ¢). Kpubie
Ha MPUBEICHHBIX PUCYHKaX MPAKTUYECKH COBIAIAIOT,
YTO TOBOPHT O CHHXPOHHOCTH ITOBOPOTOB CTEprKHEH / 1 2.
[TomuepkHeM, 4TO M3MEHEHHMS YIVIOB O, M O XapaKTe-
PHU3YIOT TIOBOPOT CTEPXKHS 2 OTHOCHUTEIBHO ocel X
¥ Z COOTBETCTBEHHO. YTOII 0, B IpOIECcce TpaHchop-

H W WYY

LM R HE

0 40 80 120 160 200 i

MaIiy U3MEHSACTCS He3HAUNTEIHHO, MakCUMyM Ha 0,4°
(puc. 12, ¢).

B Tabnuie npencTasieHbl pe3yibTaThl MOJIAIbHO-
ro aHanu3a (rmepBble TPH COOCTBEHHBIX Haphbl) JJIs Ba-
pPHAHTOB apKu 0e3 yIpyrux LIapHUPOB U C YIPYTUMH
HIAPHUPAMU, B KOTOPBIX l;x =k ,= l:tz =10 000 H-m/pan.
Kaxk BusiHO 13 TaONMHIIBL, IIEpBbIE COOCTBEHHBIE YaCTOTHI
IUISL paccMaTpHUBaeMBbIX BapUAHTOB apKU MPAKTHYECKH
COBIIA/IAIOT. BMecTe ¢ TeM BTOphIEe M TPEThH COOCTBEH-
HBIE TIaphI PA3IMYAIOTCs KOJIMUYECTBEHHO U Ka4eCTBEH-
HO. DTO OOBSCHACTCS HAJIMYUEM YNPYTUX LIAPHUPOB,
KOTOPBIE CHIIKAIOT )KECTKOCTh KOHCTPYKLIUH U TEM Ca-
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b

Puc. 16. ApouHbIif BUJI PEHICTKH: & — k, =

x

MBIM YMEHBIIAIOT COOTBETCTBYIOIINE COOCTBEHHBIE Ya-
CTOTBI.

B kadecTBe ambTepHATHBHOTO crloco0a TpaHC-
(hopManuy pemIeTKu paccMOTPUM PACUETHYIO CXEMY,
MOKa3aHHYIo Ha puc. 14. B naHHOM cilydae miar nepe-
MeUIeHus 3a1aeTcs BAoib ocu Y. [IpuHumaem mar Ay =
=0,01 M 1 9mCIO MIaroB o™ 200.

Pesynbrarel MoneTMpoBaHus Mpomuecca Tpanchop-
Malnuy PeIeTKH 10 IFTEPHATHBHON CXeMe B BUJIE I'pa-
(UKOB 3aBHCHMOCTH «CTPENB» TMOAbEMA aPKH . ¥ U3-
MEHEHHS pa3Mepa SYEHKH 5, OT IIara NepeMereHus
IpescTaBIeHsbl Ha puc. 15.

Kax Bunno u3 puc. 15, b rpadukn s_~ i npu 3Ha-
ueHusx k, k , k., pasueix 3000, 5000 u 10 000, Henn-
HeltHbl (uHuN 2, 3, 4). BMecte ¢ TeM mpu 3HaueHUSX
JKeCTKOCTeH moBOpOTHRIX pykuH 1000 H-m/pan (-
HUS /) ¥ U pemieTku 0e3 YIpyTuxX MapHUpOB (IITPH-
XOBast JINHKS) XapaKTep 3aBUCHMOCTH S~ i INHEHHBIH.

b

, = k. =1000 H-m/pan; b — k. =k, = k

10 000 H-m/pan

3AKJIIOYEHUE U OBCYXJIEHUE

Apounbie (HOpMBI pEIIeTKH /IS TApaMETPOB JKECT-
KOCTH TMOBOPOTHBIX mpyxkuH 1000 u 10 000 H-m/pan
MIPUBECHBI Ha puc. 16.

PacueTs! mokazanu, 4To 11l JaHHOHM pacueTHON
CXEeMBI pemIeTKH (puc. 12) MakCHMaTbHBIN YTOMI IIOBOPO-
Ta cTepkHel / u 2 npu lgx = lgy = IEZ = 10 000 H-m/pax
HE IPEBBIIIAET 0, = 6°.

Ha ocHOBaHUM BBINOJHEHHBIX BBIUUCIUTEIBHBIX
9KCIEPUMEHTOB YCTAHOBIICHO!

* IpeajaracMblidi NPsIMON MHKPEMEHTAJIbHBIN all-
TOPUTM PELIEHUS TEOMETPUUECKHU HEIMHENHOM 3a1auu
SABJISIETCA AOCOIOTHO CXOAIINMCS;

* pazpaboTaHHas METOJMKA Ha3HAYCHUS KECTKO-
CTell TIOBOPOTHBIX MPYXHH MOXKET OBITH UCIIOIb30BaHA
MIPU TPOSKTHPOBAHUH KOHKPETHOW KOHCTPYKIIUH Y3J10-
BOI'O COEAMHEHHUS CTEPKHEN PEryJIIpHON PEILIETKH.
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INTRODUCTION

One of the creative trends in modern architecture
is kinetic design, which is based on controlled changes
in the geometry of a structure to achieve the desired
spatial and planning solutions [1, 2]. To this should be
added the origami-inspired reshaping of structural ele-
ments of building facades. The idea of creating such
structures is largely intertwined with technical solutions
in the field of kinematically variable aerospace systems,
such as deployable solar panels and wings with variable
geometry [3—7]. In transformable mechanical systems,
the symbiosis of robotics and biomechanics is also im-
portant for the design of android robots [8]. As a rule,
the actuators of modern industrial robots perform large
movements in three-dimensional space. Consequently,
the system of differential equations of kinematics de-
scribing the working cycle of a robotic system will be
nonlinear. In addition, the node connections of such
mechanisms are made in the form of joints with feed-
back, which significantly complicates the process
of computer modelling.

It should be noted that there is virtually no infor-
mation in the literature on structural mechanics about

mathematical modelling of transformable hinged-rod
systems taking into account shape change. In this regard,
the development of engineering methods for calculating
geometrically variable structures using the finite ele-
ment method (FEM) [9, 10]. Finite element modelling
of bar structures is based on the use of a beam finite ele-
ment (FE) stiffness matrix with six degrees of freedom at
the node [11-13]. Within the framework of linear analy-
sis, the displacement and rotation angles of the beam FE
are considered small. However, it is known that flexible
bar systems are characterized by large linear and angu-
lar displacements at small deformations [14, 15]. In this
case, the numerical solution of the geometrically nonlin-
ear problem is based on the Newton — Raphson iterative
procedure and the “corrective arcs” method, the essence
of which is the adaptive correction of the load step size
when approaching and after passing the bifurcation
point [16, 17].

A simplified method for calculating flexible elastic
rods is based on representing the rod as a set of straight
beam elements of equal length connected by springs
at the joints [3]. An example of a beam-spring model
of a cantilever rod is shown in Fig. 1.
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Fig. 1. Beam-spring diagram of a flexible rod (figure by
the authors)

It is assumed that there is a linear relationship be-
tween the torque and the corresponding angle of rotation:

M =ka;i=1,2,3,
where £ is the proportionality coefficient, which in this
case characterizes the elastic stiffness of the hinge. In [3],

the following functional was used to calculate flexible
rods in a two-dimensional setting:

2
:le > (M) +1L,
0

2 EJ ; =

where M is the bending moment at the free end of the rod;
EJ is the bending rigidity of the rod; M, . are the reac-
tive moments in the coupling springs and the rotation
angles of the beam FE; I is the work of external forces.

At the same time, it is assumed that the elastic stiff-
ness of the springs is equivalent to the bending stiffness
of the rod. The presented concept of deformation model-
ling is highly specialized and cannot be directly applied to
structural mechanics problems related to the study of spa-
tially kinematically transformable rod systems.

X
® _
Y;

xB = x* 0y Au(")

(k)

78 =y A

(k) _
Z/. =

MATERIALS AND METHODS

Finite element modelling of the transformation
process of a regular hexagonal lattice with stepwise dis-
placement of contour nodes in the direction of the glo-
bal X and Y axes was performed using the ANSYS
Mechanical software package [18-20]. The APDL pro-
gramming language built into ANSY'S was used to write
macros. Each lattice rod and node connection platform
were represented as a single beam element.

Let us consider two models of node connections:

» aconventional model linking the displacements
and rotation angles of the grid element nodes with
the corresponding connection node nodes;

» amodel with elastic hinges located between
the grid element nodes and the connection node nodes.

The process of transforming the shape of each
rod from its initial state to its final state is represented
as a sequence of steps. At each step, we first remove
the previous finite element mesh, and then build a new
mesh based on the node coordinates adjusted to take
into account the obtained displacements. In this case,
the topological information about the finite element
model of the grid is completely preserved. Fig. 2 shows
a diagram of the adjustment of the coordinates of the FE
nodes at the £-th step of the kinematic transformation.

RESEARCH RESULTS

To demonstrate the proposed concept of deforma-
tion-induced shape change, we will perform finite ele-
ment modelling of the transformation process of a regu-
lar bar system from its initial flat state to an arched shape
under discrete kinematic action. The diagram of the hex-

X0 =0 A
J

k-1 (k)
=Yy, +Auyj

Z*D 4 Ay ®
j z;

(1) _ (0 0
X = x4 A,
M _ (0 )
Yo =y, +Auy/

@ _ 0 @)
z, =2z; +Au2,

k) _ k=1 ()
z =z +Au;
M) _ (0 )
X =x0 A 4
M _ 0 m ! X
Yi =) +Auy, S X
M) _ (0 m
z) =z +Au 0,0 0
! ! Zi j)a )’, s ,'
z
iG
RORSORO)
X , 5 J/, s ,
y

Fig. 2. Schematic representation of the transformation of the geometry of a beam FE (nwp —

by the authors)
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Numerical simulation of the shaping process of a regular-rod hexagonal

lattice under discrete kinematic action P. 15-30

Ya
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Fig. 3. Diagram of the hexagonal lattice in its initial position
(figure by the authors)

agonal regular bar lattice under consideration in its initial
(starting) position is shown in Fig. 3.

In Fig. 3, the reference values of the lattice cell di-
=0.966m,s =1.058 m;
numbers 1-3 denote the rods for which the orientation

mensions in the initial state are s,

angles o, a, a_are calculated during the lattice defor-
mation proéess.

A model of a repeating node connection that al-
lows modelling lattice deformation is shown in Fig. 4.
This model includes a platform ¢, formed from three
non-deformable bar elements. Elastic hinges are locat-
ed at each vertex of the equilateral triangle 7 between
paired nodes i and ;.

As shown in Fig. 4, each elastic hinge includes
three linear and three torsional springs. The following
symbols are used to denote the elements of the elastic
hinge: £, k , k — stiffness coefficients of linear springs
(N/m) oriented along the X, Y, Z; k_, ky, k. — corre-
sponding stiffnesses of torsional springs (N-m/rad).
Each rod of the lattice is modelled by a single beam FE.

Fig. 5 shows the calculated grid scheme correspond-
ing to the synchronous symmetrical kinematic action
on nodes with coordinates x = 0 and x = 9.76 m. We as-
sign the following parameters for the transformation pro-
cess: the initial value of the grid lift “arrow” f. = 0.01 m;
increment value A = 0.01 m; number of steps 7, o= =200.
In all calculatlons we take into account the dead weight
of the structure. Note that the “initial” position of the grid
under the given static boundary conditions coincides
with the first natural mode.

Mechanical constants of lattice rods (aluminum al-
loy): modulus of elasticity £ = 6.8 - 10* MPa; Poisson’s
ratio v = 0.32; density p = 2,885 kg/m*. Modulus of elas-
ticity of virtually non-deformable platform rods £, =
= 10° MPa. The lattice rods (length 0.4423 m) and node
platforms (length 0.1 m) have a tubular cross-section
with an outer diameter of 0.018 m. The pipe wall thick-
ness is 0.0015 m. We assume that the stiffness coeffi-
cients k , ky, k_are numerically equal to the value of £.

The simulation results in the form of graphs show-
ing the dependence of the lift arrow f, on the number
of transformation steps i for different values of the stift-
ness of the torsion springs are shown in Fig. 6.
In Fig. 6, lines /—4 correspond to the values k k k
1,000, 3,000, 5,000, 10,000 (N-m/rad). The graph w1th

Fig. 5. Calculation diagram corresponding to symmetrical kinematic action A _(figure by the authors)
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Fig. 6. Graphs of f, ~ i (figure by the authors) 0.97
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Fig. 8. Graphs s, ~i:a — k, = k, = k, = 1,000 N-m/rad;
b— k, =k, = k. =10,000 N-m/rad
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Fig. 7. Arch-shaped grid: a — lgx = lgy = lgz =1,000 N-m/rad;
b— k., =k, = k. = 10,000 N-m/rad (figure by the authors)  Fig. 9. Graphs of s,,~ i for a lattice without elastic hinges

Fig. 10. Fragment of an arched lattice (lgx = lgy = lgz = 1,000 N-m/rad)

26



Numerical simulation of the shaping process of a regular-rod hexagonal

lattice under discrete kinematic action P. 15-30
o, rad o, rad o, rad
0.64 1.3 14
1.2 1.3 P
0.62 2 2 5 13
0 1 1 1.1 7
! 1
0.58 0.9 09
0.56 83 08
’ 0.7
0.54 06 07
0.520 40 80 120 160 200 0'50 40 80 120 160 200 i 0‘50 40 80 120 160 200
a b .

Fig. 11. Graphs a_~i: a — lgx = lgy = lgz =1,000 N-m/rad; b — I:rx = lgy = lgz 10,000 N-m/rad; ¢ — without elastic joints
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Fig. 12. Graphs o ~i:a — k, = k, = k. = 1,000 N'-m/rad; b — k, = k, = k. = 10,000 N-m/rad; ¢ — without elastic joints
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Fig. 13. Graphs a_~i:a — k, = lgy = k. =1,000 N'-m/rad; b — k, = lgy = k. =10,000 N'-m/rad; ¢ — without elastic joints

Results of modal analysis

Without elastic joints
A = 1.440 Hz A, =3.538 Hz A, =3.707 Hz
=1L

With resilient hinges
A, =1.404 Hz A, =2.010 Hz A, =2.103 Hz
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Fig. 15. Graphs: a —f, ~i; b—s,~1i

the dashed line corresponds to the grid variant without
elastic hinges. The graphs show that the value of f; de-
pends non-linearly on the magnitude of the kinematic
impact on the grid nodes with coordinates x = 0 and x =
=9.76 m. The final arch shape of the grid at n, = 200
for k k k 1,000 N-m/rad and 10,000 N- m/rad is
shown in Flg 7.

Graphs showing changes in cell sizes depending
on the transformation step are shown in Fig. 8.

For comparison, Fig. 9 shows the graphical de-
pendence of s, ~ i for a lattice without elastic hinges.
The graphs show that the maximum change in cell size s,
is 0.4 m in Fig. 6, @; 0.056 m in Fig. 6, b; and 0.01 m in
Fig. 9. The size s, changes by 0.016 and 0.0014 m, respec-
tively. Moreover, in both cases, the nature of the graphs
s, ~ 1 qualitatively coincides, i.e., at the beginning
of the transformation, there is a sharp decrease, followed
by a gradual increase. As expected, the lattice with &, =
= kv = kz = 1,000 N-m/rad is the most “gutta-percha-
like” for a given type of kinematic action. Fig. 10 shows
a visualization of a fragment of this lattice at n = 200
(the position of the bar elements adjacent to the support
nodes is shown).

It should be noted that in order to develop the de-
sign of a hexagonal lattice node connection, it is nec-
essary to have data on the change in the orientation
of the rods during the transformation process. For this
purpose, a study was carried out on the dependence
of the rotation angles o, o, 0, of rods 1 and 2 (Fig. 11)
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on the transformation step i. The graphs o ~ i, o ~ i,
o~ i for lattices with elastic hinges at parameter values
k k k 1,000 N-m/rad, 10,000 N-m/rad, as well as
lattlces without elastic hinges are shown in Fig. 11-13.
The graphs show that the most intense changes during
transformation occur in the angles a_(Fig. 11) and a,
(Fig. 13).

The maximum increase in angle o, for rod 2 (Fig. 1)
is: 5.7° (Fig. 11, a); 43° (Fig. 11, b); 51. 6° (Fig. 11, ¢). At
the same time, the angle o_ decreases: 17.6° (Fig. 13, a);
55.6° (Fig. 13, b); 57.3° (Fig. 13, ¢). The curves in the fig-
ures are practically identical, which indicates the syn-
chronism of the rotations of rods / and 2. It should be
emphasized that the changes in angles a._and a_ charac-
terize the rotation of rod 2 relative to the X and Z axes,
respectively. The angle o changes insignificantly during
the transformation, by a maximum of 0.4° (Fig. 12, ¢).

The Table shows the results of modal analysis
(the first three eigenpairs) for arch variants without
elastic hinges and with elastic hinges, in which k
= k k =10,000 N-m/rad. As can be seen from the ta-
ble the first natural frequencies for the considered arch
variants are practically the same. At the same time,
the second and third natural pairs differ quantitatively
and qualitatively. This is explained by the presence
of elastic hinges, which reduce the stiffness of the struc-
ture and thus reduce the corresponding natural frequen-
cies.
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As an alternative method of transforming the grid,
consider the calculation scheme shown in Fig. 14. In
this case, the displacement step is specified along
the Y-axis. We assume a step A = 0.01 m and a number
of steps n,, = 200.

The results of simulating the grid transforma-
tion process using the alternative diagram in the form
of graphs showing the dependence of the arch rise f
and the change in cell size s, on the displacement step i
are shown in Fig. 15.

As can be seen from Fig. 15, b, the graphs s ~ i at
values k,, k. k_, equal to 3,000, 5,000 and 10,000 are
nonlinear (lines 2, 3, 4). At the same time, for values
of torsional spring stiffness of 1,000 N-m/rad (line /)
and for a lattice without elastic hinges (dashed line),
the dependence s ~ i is linear.

b

Fig. 16. Arch-shaped grid: a — ng = lgy = lgz =1,000 N-m/rad; b — lgx = lgy = lgz =10,000 N-m/rad

CONCLUSION AND DISCUSSION

The arch shapes of the grid for the stiffness param-
eters of the torsion springs 1,000 and 10,000 N-m/rad
are shown in Fig. 16.

Calculations have shown that for this lattice design
(Fig. 12), the maximum rotation angle of rods / and 2 at
k, =k, =k_.=10,000 N-m/rad does not exceed o =
=0°.

Based on the computational experiments per-
formed, it has been established that:

» the proposed direct incremental algorithm for
solving a geometrically nonlinear problem is absolutely
convergent;

* the developed method for assigning the stiffness
of torsion springs can be used in the design of a specific
structure of a node connection of regular lattice rods.
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