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AHHOTALUMUA

BBeaeHue. lNMpegnaralotcs cxema cratvyecku onpegenumont doepMbl ¢ napannefnbHbIMU NosicaMn U anroputMm BbiBoAa
aHanUTUYeCKoW 3aBMCMMOCTM BEMUYUHBI NPornda KOHCTPYKLMKU nof AeCTBUEM PaBHOMEPHO pacrnpeferneHHon y3noBo
Harpysku 1 NepBoK YacToTbl COGCTBEHHbIX KonebGaHuii OT Yncna naHenew.

Matepuansbi n metoabl. Matepuan ctepxHen epMbl YNpyrun, LWapHUpbl naeanbHble, Harpyska ysnosas. Pepma BHeLLHe
cTaTnyecku Heonpegenumasi. Bce pacyetbl ycunuii n npeobpasoBaHusi B CUMBOSIbHOW (DOPME BbIMOMHSIKOTCH B CUCTEME
KOMMbIOTEpHOM MaTemaTuku. [ins pacyeta npormba npumeHsieTcs chopmyna Makceenna — Mopa. dopmMyna ansi nepeoi Ya-
CTOTbI BbIBOAMUTCSI HA OCHOBE BapvaHTa npubnmkeHHoro metoaa [JoHkepnes B NpeanonoxeHnm, 4To macca pepmbl paBHoO-
MepHO pacrnpeferneHa no ee ysnam. Y3nbl COBepLIatoT BepTukarbHble konebaHusi. [ns pacyeTta koaduumeHToB B hop-
Mynax Ans npornba v 4acToTbl UCNOMb3yeTCH METOA MHAYKUMM NO Ynchy naHenen. PelueHne nony4yeHHbIX peKyppeHTHbIX
YPaBHEHWI OCYLLECTBNSAETCS B CUCTEME KOMMNbIOTEPHON MaTemaTukn Maple.

Pesynbratbl. KoachduumeHTsl hopMynbl Ans pacyeTa npornba n YactoTbl konebaHuii uMetoT BuA NONMHOMOB MO YUCHly na-
Hernen cTeneHun He Bbile YeTBepTo. OGHapYXeHO, YTO Npu ONpeaeneHHOM YMcre naHener epma AornyckaeT KUHeMaTu-
YecKylo n3meHsiemocTb. MNpeacTaBneH NpuMep KMHeMaTU4ecky HeNpPOTUBOPEYMBON KapTVHbI pacnpefeneHns BUPTYyanbHbIX
cKopocTel y3noB gepMbl. MeToa, NpUMEHEHHbIN A5t OLEHKM YacToTbl konebaHuiA, nokasan XopoLUy TOYHOCTb B CpaBHe-
HUW C YACTNEHHbBIM, YYUTbLIBAIOLLIMM BCE CTeneHn cBoboabl NpuHATON Moaenu chepMbl. PacyeT npoBeaeH ANst KNHEMaTU4Yecku
[ONYCTUMBbIX Yncen naHenemn KoHCTpyKuun. MpueeneH obLwMIn YneH NocneaoBaTenbHOCTU TakuX Yncer.

BbiBoAbl. Vcnonb3oBaHHbIe ANs OUEHKM AedopMaumii U COBCTBEHHON YacTOTbl METOAbl M anropuTM Mokasanu CBO
3(PPEKTUBHOCTb 1 MOTYT ObITb NPUMEHEHbBI AN aHANOMMYHbIX PACYETOB PErynsipHbIX KOHCTPYKUMA. HaiaeHHble cryyau
KMHEMaTNYECKON M3MEHSEMOCTM YKa3blBaloT Ha HEOBXOAMMOCTb KUHEMATUYECKOW MPOBEPKU UCMOSb3yeMbIX Ha MpakTuke
CTEePXXHEBbIX KOHCTPYKLMIA.
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ABSTRACT

Introduction. A diagram of a statically determinate truss with parallel chords and an algorithm for deriving an analytical
dependence of the magnitude of the structure deflection under the action of a uniformly distributed nodal load and the first
frequency of natural oscillations on the number of panels are proposed.

Materials and methods. The material of the truss rods is elastic, the hinges are ideal, the load is nodal. The truss is exter-
nally statically indeterminate. All calculations of forces in symbolic form and transformations are performed in the computer
mathematics system. The Maxwell — Mohr formula is used to calculate the deflection. The formula for the first frequency is
derived based on a version of the approximate Dunkerley method under the assumption that the truss mass is uniformly
distributed over its nodes. The nodes perform vertical oscillations. To calculate the coefficients in the formulas for the de-
pendence of deflection and frequency, the induction method is used with respect to the number of panels. The solution
of the obtained recurrent equations is performed in the Maple computer mathematics system.

Results. The coefficients of the formula for calculating the deflection have the form of polynomials with respect to the num-
ber of panels of a degree not higher than fourth. It was found that for a certain number of panels the truss allows kinematic
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variability. An example of a kinematically consistent distribution of virtual velocities of truss nodes is given. The method
used to estimate the oscillation frequency showed good accuracy in comparison with the numerical method, which takes
into account all degrees of freedom of the adopted truss model. The calculation was performed for kinematically admissible
numbers of panels. The general term of the sequence of such numbers is given.

Conclusions. The methods and algorithm used to estimate deformations and natural frequency have proven their efficiency
and can be applied to similar calculations of regular structures. The found cases of kinematic variability indicate the need for
kinematic verification of the rod structures used in practice.

KEYWORDS: truss, deflection, natural frequency of oscillations, kinematic variability, analytical solution, asymptotics, Ma-
ple, support shear, Dunkerley method
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BBEJIEHUE

B mpakrtuueckux pacdyeTax CTPOUTEIbHBIX KOH-
CTPYKLHH, KaK IIPaBUIIO, UCTIOIB3YIOT YNCICHHBIE METO-
JTBI, TTO3BOJIAIONIHE YIECTh BCE OCOOCHHOCTH PACCUUTHI-
BaE€MbIX CUCTEM U JCHCTBYIOIINX HAarpy3o0kK. Yaie Bcero
JUIS1 9TOTO MIPUMEHSIOT KaKUe-IT100 MPOrpaMMHBIE KOM-
TUTEKCHI, OCHOBAaHHBIC HA METOJIC KOHCYHBIX 3JICMEHTOB
[1-3]. AnpTepHaTHBOI YUCICHHBIM METO/AM SIBIISIOT-
CsA aHAJIUTUYCCKUE MCTOAbI, UCITOJIB3YIOIHUE CUCTCMbI
KOMITBIOTEepHOH MaTteMaTtuky. Hanboree pacripoctpane-
HBI Takue cucTeMmbl, kKak Wolfram Mathematica u Wa-
terloo Maple, nMeroInue CXOAHbIE CHCTEMbI KOMaH]I
1 BO3MOXXHOCTH. [IpoGiieMbl aHATUTHYECKUX HCCIIe-
JIOBaHUH PETYIAPHBIX (COMEpIKAIINX EPHONANICCKHE
CTPYKTYPBI) CTEPKHEBBIX CHCTEM M3Y4JaJIHCh B paboTax
[4, 5]. PacueTamu 311eMEHTOB CTPOUTEIBHBIX KOHCTPYK-
Wi B CUMBOJIbHOH (hopme 3annManick A.B. Marpocos
u JI.I1. TonockoxoB [6, 7]. AHanUTHYECKHN pacdeT oc-
HOBHOI YacTOTBI COOCTBEHHBIX KOJICOAHUH IMIOCKOU
MOJIEJIM COCTaBHOM (epMbl ¢ MPOMU3BOJIBHBIM YHC-
moM maneneit B cucteme Maple Bemomanmn E.B. Ko-
Mep3an, W.I. Hunananos u O.B. CBupuaenko [8].
[TprMeHEeHHBIH 3TUMH aBTOPaMH aJTOPUTM TTO3BOJIHII
paccuuTarh MPOrud IIOCKOH BHEITHE CTATUIECKH He-
onpenennMoit (hepMbl 1 BRIBECTH KOHEUHYIO (popMyITy
s mporuba B 3aBUCUMOCTH OT 4yucla nanenei [9].
B nccnenosannsx [10, 11] oHyr nomyyunu npuoiInxeH-
HOE peImIeHue I KOHCONBbHOH (hepMBl U TIPOCTpPAH-
CTBEHHOU CTEP;KHEBON KOHCTPYKLUU COOTBETCTBEHHO.

DopMynbl IS pacyeTa cTaTHueckoro nporuda u ya-
CTOTHI COOCTBEHHBIX KOIIeOAHHUH y3JI0B TUTOCKOH (DepMBbI
C TIPOM3BOJIFHBIM YHCIIOM TIaHENIeH BBIBEICHBI METOIOM
uHaykuuu [12]. BeimonHeH pacueT 3HaueHHs MEepBOH
(OCHOBHOI1) 4aCTOTBI COOCTBEHHBIX KOJICOAHUH TUTOCKOM
IITTPEHTENFHON (PepMBI C UCTIONH30BAHUEM TIPHUONMKEH-
Horo metona Jlonkepnes [13]. IIpoananusupoBana o6-

JIaCTh PE30HAHCHO OE30MAaCHBIX YacTOT IIOCKOM Mojie-
JM peryisipHoi (epMbl B TPEITONOKEHNH, YTO MacChl
B y3J1aX COBEPIIAIOT TOJBKO BEPTHKAIbHBIC KOJICOAHMS
[14, 15]. IIpubmmxennas Gopmyna 11 COOCTBEHHOU
YacTOTHI ABYXIPOJICTHONW (hepMBI MOTyUeHa B CHCTEME
Maple [16]. 3aBucMMOCTB IPOrHOa MIIOCKON BHEIIIHE CTa-
THYECKH HEOIpe/IeNIMMO (hepMBbl OT YHMCIIa aHeNIeH BbI-
BesieHa MeTonoM MHIAYKIH [17]. CrekTp coOCTBEHHBIX
YaCTOT IUIOCKOH PETYISPHOIN (pepMbI ¢ TBOHHON perieT-
KOW paccMoTpeH B myOmukarwm [ 18], mpocTpaHCTBEH-
HOIT — B pabore [19]. BoiBenieHa aHaMTHUECKasT OICHKA
MIEPBOI YaCTOTHI COOCTBEHHBIX KOJICOAHUIA OMIOPBI B BUIC
I'-o06pasnoit npocrpancTBeHHO (epmsr [20].

Lenb HacTOAIIETO UCCAEA0BAHUS — MOIYYUTh aHA-
JIMTUYECKYIO 3aBUCHMOCTh OT YHCIIA TTaHeNel 1 pasMepoB
KOHCTPYKIIMH TPOTHOa M COOCTBEHHOI 4acTOTHI KOJIe-
OaHuUit HOBOM CXEMbI PaCKOCHOH (hepMBI, JOIMYCKAOIICH
TP OTpe/ICTICHHOM YHCIIe TTaHes el KHHEMaTHUeCKYTO 13-
MEHSEMOCTb.

MATEPUAJIBI U METO/bI

Cratmdecku ompenenuMmasi pepma ¢ BOCXOIAIIH-
MH PacKoCaMH PEIIETKH, CTOWKaMU U HapajllebHbl-
MU MojgCcaMMu UMCET IO KOHI[aM IO ABE OIIOPHI. TpI/I
OIIOpPBI — TIO/IBMIKHBIE IIAPHUPHI, OIHA ONIOpa — He-
MOJBWKHBIA mIapHup. B depme 27 naneneld amuHoON
@ B CpPeAHEH JacTH mposeTa (CYuTas Mo BEpXHEMY I10-
SICy) ¥ elIle 10 TPY TIaHEeIH 10 KOHIaM. BeicoTa depMBbI
paBHa i. Macca Mozenu (pepMbl paBHOMEPHO paclipe-
JIeJIeHa 10 ee y3JlaM PaBHBIMH MacCaMH /m, CTEPKHU
IIPU TaKOM ITOJIXO/I€ CYMTAIOTCSI HeBeCOMbIMH. Paccma-
TPUBAIOTCS] BEPTUKAIIbHBIE KOJIEOaHNUS y3JI0B 10 rapMo-
HHYECKOMY 3aKOoHY (pHc. 1), TOpu30HTaIBHEIMH KoJieOa-
HUSIMH y3JI0B IPEHEOPETatoT.

B pemrennn 3agauu 0 gactore CBOOOTHBIX KojieOa-
HUH (hepMBI YUCIIO CTeNeHei cBOOOIbI paBHO YHCITY €€

/a @7/0 IPa IPa IPa IPaKIPa IPa IPa IPa Ipa%

Puc. 1. Cxema pepmsl, n =3
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Puc. 2. Homepa y3110B 1 crepxHei Gpepmsl, n =3

BHYTpPEHHUX y3JI0B: K = 4n + 8. OO011ee YnuCiIo CTepxK-
Hell v = 8n + 16. B 310 4nci0 cTepykHell BXOAAT TakxKe
MATh CTepPXKHEH, MOIETHPYIOMHUX onopsl. XKecTkocTh
OTIOP COOTBETCTBYET KECTKOCTH CTEPKHEH UTMHOM /1.

Pacuem ycunuii 6 cmepoicnsx. YCUIUs B CTEPIKHSIX,
HEOOXOJMMBIE IS ONIPENCIICHNS )KECTKOCTH CTaTHUe-
CKH OTIPEJIeTUMOH CHCTeMBI TIo (hopmyne MakcBenia —
Mopa, Haxo#ATCs U3 YCIOBHsI paBHOBECHS y3II0B. B cu-
CTEME CUMBOJILHOW MaTeMaTHKH COCTABIISETCS CHCTeE-
Ma ypaBHEHHI paBHOBECHs y3JIOB, MaTpuIla KOTOPOH
COCTOWT M3 HaNPaBISIONINX KOCHHYCOB YCHIIMH. DTH
BEJIMYHMHBI BEIYKCIISIIOTCS B CHMBOJIBHOW (hopMe 110 JaH-
HBIM O MOPS/IKE COSIMHEHUsSI CTEPKHEH B y3J1aX U KOOp-
JIMHATaM Y3JI0B. Y3JIbl U CTEPIKHU (hepMbl HyMEPYIOTCS
(puc. 2). Hagamo koopAuHAT HAXOJUTCS B JIEBOM MOA-
BIDKHOH orope A:

x=a(i-1)y,=0;i=1,..,2n+7;
X =a(i+2)y

+2n+7

=hyi=1,..,2n+1.

+2n+7

CTpyKTypa COeTUHEHUs CTeP>KHEH U Y3J10B 3a/1aeT-
s CIIMCKaMH, COZIePrKaIlliMHU HOMEpa Y3JI0B IO KOHIIaM
ctepxHed. CTEpKHM HIDKHETO T10sica, HallpuMep, KOJIH-
pyrotes cnenyrommumu ciuckamu: @ =[i,i+1],i =1,...,
2n + 6. AHAJOTHYHO JJIs CTep)KHEH BEpXHETo Imosica
cosmatorcst cuckn: O o= [i+2n+ 7, i+ 2n + 8],
i=1,...,2n.

Iponer pepmer AD = L = 2(n + 3)a. Ycunus Ha-
XOJISITCSL M3 PELICHUS] CHCTEMbI ypPaBHEHHUH PaBHOBECHS
Y3JI0B, 3aIIMCAHHOM JUIs POU3BOJILHOTO MOpsiiKa (ep-
MBI B MaTpuaHOi popme: GS = R, rne G — marpuna
HaMpaBJIAIONUINX KOCHHYCOB Pa3MepoM V X v; S — Bek-
TOP HEU3BECTHBIX YCUIUHU U ONOPHBIX peakuuil; R —
BEKTOp BHEIIHMX Y3JIOBBIX Harpy3ok. Hampasmstomue

KOCUHYCBI PACCUUTBIBAIOTCA 110 JaHHBIM O KOOpAMHA-
Tax y3J10B U NOPAIKY COCIMHEHUS CTEPIKHEH B COOT-
BETCTBYIOIINX y3/1ax.

PE3YJIBTATHBI UCCJIEJOBAHUA

Yeunua 6 cmepoicnax. Tlpn nelicTBuM Harpy3ku HH-
TEHCUBHOCTBIO P, pacripenieseHHou no yzuam 3, ..., 11
HIDKHETO T10siCa, HeHYJIEBbIE 2IEMEHTHI BEKTOpa B Mpa-
BOW 4acTH CUCTEMbl YPaBHEHUIH PaBHOBECUS UMEIOT
Bup: R =P,i=3,i=3,...,2n+ 5 (puc. 3). Pacnipenerne-
HHUC YCWINH B CTCPIKHSAX OT JACHCTBHS COIMHUIHON 0e3-
pa3MepHOil Harpy3ku P = 1, pacnpeaeneHHON Mo Hux-
HeMy Mosicy 1pu a = 3 M, i = 2 M, IOKa3aHo Ha puc. 3.

KpacHbIM IIBETOM BBIJICIICHBI PACTSHYTHIE CTEPXK-
HH, CHHUM — C)KaTble. 3HaUCHHsI YCHIIMH B CTPEIKHSIX
OKpYIVICHBI 10 JBYX 3HaKOB. Bepxuuii nmosic depmsl
IpU TaKoM Harpyske ciaT, HO C)KaT HEPaBHOMEPHO.
LleHTpabHble CTEPIKHHU OKa3bIBAIOTCS HE CAMBIMU Ha-
TPY>KEHHBIMH, KaK B IPOCTHIX 0ATOUHBIX (hepMax. ITo
SABIISCTCSI CICACTBHEM OCOOCHHOCTH KOHCTPYKIIHH:
PacKoChl OXBaTHIBAIOT TPHU COCEIHHE MaHEeIH, Tepe/a-
Basl YCWJIUSI Ha CTEPIKHH dTHX NaHened. Hwknuit nmosc
M PacKOChI B PELIETKE CKAThl, @ CTOHKH PACTSIHYThI He-
3HAUUTEIbHBIMH yCHIIHSIMH.

Pacuer ycnnmii B cTepkHAX (pepMBbl C pa3InIHBIM
YHCIJIOM TaHeJIeH MoKa3al, YTO MPH ONPEICIICHHOM YHC-
Jie TIaHenel onpeaeNuTeNb MaTPULbl CUCTEMBI YpaBHe-
HUIl paBHOBecus obparmaercs B HOJb. U 3T0T 3hpexr
HE 3aBUCHUT OT Pa3MEPOB IaHEIed U NPUI0KEHHOHN Ha-
rpy3ku. OOHapy»KeHa rmocyeioBarensHocTs 1 =1, 3,4, 6,
7,9, ... IOMyCTUMBIX YHCEN MaHENICH ¢ OOIIMM WICHOM:

n=(6k+1)f—1)/4k=1,2,.... (1)

-6,8 20  -68
4.6
6,9 ~14 1.5 2 23 1 9,2
A B D
6,8 20 * 16 18 27 27
-1,5 -3 1 Y1 YI Yi -1,5

Puc. 3. Harpyska u pacnpezaenenue ycunuii, n =3
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16 17=4n+8

Puc. 4. Bo3aMOXHBIE CKOPOCTH y3JI0B H3MEHSIEMOH (epMBI TIpH 1 = 2

B ocTranbHBIX cIydasx MOKHO OOHApYKUTh KHHEMa-
THUYECKH HENPOTUBOPEUNBYIO CXEMY BO3MOXHBIX CKOPO-
CTeH y3710B (hepMBbl, ACNAOLIYI0 €€ MTHOBEHHO H3MEHsIe-
MBIM MEXaHU3MOM (pHC. 4).

[Ipu n = 2 4ersipe y3i1a GepMbl HOITYYAOT HEIO-
MYCTUMBIE JJIsl )KECTKOH KOHCTPYKIIMU BEPTHUKAJIbHbIC
CKOPOCTH V, OCTaJIbHbIE Y3JIbI U OIIOPBI OCTAOTCS HEMO-
BIDKHBIMH. YacTb cTepykHe, Harpumep 23, 3—4, coep-
LIal0T MCHOBEHHBIE BpallleHus, a crepxxuu 3—14, 614
u 9-14 nBUXKYTCS MOCTYIAaTeNbHO. TakuM 0Opa3om,
pacueTsl MporudoB M 4acTOT KoJieOaHUH TOIKHBI OBITh
BBITIOJIHEHBI HE JUIs BCeX GepM, a TOJIBKO JUIs TeX, YHC-
JI0 TIaHeNel B KOTOPBIX comIacyercs ¢ BelpaskeHueM (1).
AmnanoruuHblii 3p(exT KUHEMaTHYECKOrO BHIPOXKIACHHS
IUIOCKOW (DePMEHHOM KOHCTPYKLMHU ObLI 0OHApYKEH
B paborax [21, 22].

OTaenbHO MOKHO BBIBECTH (DOPMYITBI JUTsl peaKiuii
orop. /lyist 3TOTO MCHONB3yeTCS METOA MHAYKIMH. Pac-
YeT peakUii Onop Ul OCIeJ0BaTENLHOCTH (epM pas-
JIMYHOTO TIOPSI/IKA AT MOCIEeN0BaTeNbHOCTh: N, = N, =
=[2P,3P/2,4P, 5P/2, 6P, 7P/2, ...]. OOmmmuii 4ieH dToi
MOCJIC/IOBATEIbHOCTH HAXOANUTCsl cpeacTBamMu Maple
U3 PELICHUs JIMHEHHOTO OJJHOPOIHOTO PEKYPPEHTHOTO
ypaBHEHusl, cocTapieHHoro oneparopom rgf findrecur:

N, =N, =P+ 1)(~1))k—3)4 k=1,2,3, ...

AHAJIOTMYHO HAXOMIATCS U IPYTUE PEAKIIUH, KaK (QyH-
KIIMH YMCIa TTaHeNen:

N,=N.=P((3 + (~1y9k +2 +2(~1)")/4;
k=1,2,3, ...

TopusonrtanpHas peakius MpaBoil HEMOJBUKHON
OTIOPBI ITPU TaKOI Harpy3Ke paBHA HYIIIO.

IIpoeud. TIporud dGepmbl OIICHUBAETCS 110 BEPTHU-
KaJIbHOMY CMEILEHUIO cpenHero y3na E. Jlins sToro uc-
nome3yeTcst hopmyna MakcBema — Mopa:

v

Ay =SSP J(EF),
a=1
riae S ) — ycuiue B CTEpKHE C HOMEPOM o TpH Jiek-
CTBUM Ha (pepMy yKa3zaHHOH pacripeieNIeHHOH Harpy3KH;
S () — ycunue ot neHCTBHSA eIMHMYHON BePTHKAILHOM
cunbl Ha y3en E; [ — nnmna crepxns o. Cuuraercs,
YTO JKECTKOCTh Ha pacTsbkeHue EF crepykHel i Bcel
dhepmbl onnHakoBag. Kak um mpu BeIBOme (opmyr
JUISl YCHITMH B 3aBHCUMOCTH OT YHCJIa MaHeJIeH cocTaB-
JISIETCS ITOCIICIOBATEIFHOCTD pereHnid it k=1, 2, ...

A, =P99a* + & + 31°)/(2PEF);

A, = P(441a’ +2¢° + 4l°)(WPEF);

A, = P(593a* +2¢* + 4I°)/(WEF);
A,,=3P(1557a° + 3¢ + SI)(Q2IEF);

A, = 5P(64 053d> + 10¢* + 121°)/(WEF).

s MeHbIIeN AJIMHBI TOCIEN0BATEILHOCTH pellie-
HUH 3aKOHOMEPHOCTH B cucTeMe Maple HaiiTH Hesb3sl.
Penrenns nuHeHHBIX OMHOPOAHBIX PEKYPPEHTHBIX ypaB-
HEHUI1 TOTyYeHBI ¢ MTOMOIIIBIO oreparopa rsolve u3 make-
ta genfunc cuctemsl Maple. Koadduuuent npu a* sipis-
€TCs PEIICHUEM YPaBHEHUS EBATOTO MOPSAIKA:

C,,=C,,, +4C,, ,~4C,  ~6C

1k 1k-1 143 1k—4

+ 4CI k6 4C1,k—7 - Cl,/fx + Cl k-9

+ 6C1 k=5 +

C HayaJbHBIMH YCIOBUSAMU C1,1 =99/2, C]‘2 =441, C]‘3 =
=093,...,C ,=46 935/2 v umeeT BHII:

C, = (270K + 36(45 + (-1 )k’ +
+54(71 + 21(~ 1R + 36(117 + 67(~ 1))k + 2115 +
+1917(-1)%/128.

B obwem: A, = P(C\a’ + C,c* + C,1*)/(h,EF),
mec=v9* +h* u
C, = (2K + (6 + 2(-1))k + 3(~1): + 5)/16;
C,= 2+ Q1+ 14k + 17 + 7(-1) )/16.

Ha puc. 5 npencrasineHsl KpuBble 3aBUCUMOCTH
OT YHCJa TaHeJeH OTHOCHUTEIBHOTO mporuba. A' =
=EFA, /(LP ), e P = P(2n + 3) — cymmapHas
Harpy3ka Ha depmy. Oneparopsl cucrembl Maple mo-
TYT Tak)XKe HAWNTH aCHMIITOTUKY pemieHus. BrrsicHseT-
Csl, UTO POCT OTHOCUTENBLHOTO Mporuda npu yBenude-
HUU YUCIIa TIaHeJlel IMeeT KBaIpaTUIHBIN XapaKTep:
}meA'/kz =154’/ (64h*).

Crienryer OTMETHUTB, YTO B TIPE/IeNiax MPHHSITOH Mojie-
7w (hepMBI MTOTYUCHHOE PEIICHUE YIS IIPOTHOA SIBISCTCS
TOYHBIM, TIO3TOMY OHO 0COOEHHO d(PPEKTHBHO TS hepM
CO 3HAYUTETHHBIM YHCIIOM MaHEEH.

Yacmoma cobcmeenuvix konebaruil. Haudoee Boc-
TpeOOBaHA HA MPAKTHKE YIS AMHAMHUYCCKUAX PacyeTOB
KOHCTPYKIIWH TTepBasi, HAUMCHBINAS, YacTOTa KOJICOaHMIA
[23, 24]. T1s nomyvyeHust 3HAUYSHUS STOW BEJIMIHHEI B 3a-
BHCUMOCTH OT YHCJIa MaHeNIel MOXKHO BOCIIOIb30BAThCS
METOIOM MHAYKIUH 0000MIeHUs psia MPHOIMKEHHBIX
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Puc. 5. 3aBUCHMOCTS OTHOCHTEIIFHOTO MTPOTH0a OT YKCIa NaHeleH

AQHAJIMTHYECKUX PEIICHNI Ha OCHOBE MOIU(UIIMPOBaH-
HO# popmyitbl Jlonkeprnest [25]:

K K
o, =0 =my.5, =mdK2=mKA, (2)
p=1 p=1
TIe cop — IapuuanbHas 4acToTa KoJe0aHnnii OHOM
MAcCChl m B OTACIIBHOM Y3JIC C HOMCPOM p. YHpOH.[eHI/Ie
nucxonHoi popmynsl JJoHKepies TOCTUTHYTO 33 CUET
K

3aMEeHBI CyMMBI TAPIHATIBHBIX TPOTHO0B ZSP ee cpel-
p=1
HUM 3Ha4eHueM 0™ K/2. YacToTa HaXOAUTCS U3 ypaB-

HCHUSA ABUKCHUS MACCEHI B Y3JIC:

my +Dy =0;p=12,...K 3)

Koadpdurment D, BerauCIISCTCS C HCIIONB30BAHIEM
hopmymer Makcgermra — Mopa CyMMHpPOBaHHEM 10 BCEM
CTEp>KHAM (DepMBbI, BKIIIOUAS IISITh OTIOP, KOTOPBIE MPUHS-
TBI IeOPMUPYEMBIMU:

_N (g

1D, = Z; (S ) 1LiER), )
e S, — ycuiue B CTEpKHe C HOMEPOM 0. IPH JIeHCTBIH
Ha y3el p eAVMHUYHOM BepTUKANbHOM cuiibl. OTIOpHBIE
CTEpI)KHM TIPHHSATHI C YCIOBHOI aniHOW /. B xauecTBe
y37a p BeIOMpaeTcs Haubojiee MOAATIUBLINA y3en [25].
Jns paccmarpuBaeMoil CXeMbl TaKUM Y3JIOM SIBIISIETCS
y3€eIl ¢ HOMEPOM 7 + 4 B cepeTuHe HHIKHETO 1osica. Pac-

2
YeT CyMMBbI B BBIp@XKEHHH (4) A = Z( S;”)) 1 /(2EF)
a=1

ULt psizia (pepM € TOCIIE0BATENIbHO YBEINUHBAIOIIIMCS
YHCIIOM TIaHENEH JaeT CIEeAyoue (OpMyIIbI:

A, = Q7a + & + 3)/(4R*EF);

A, =(8la’ + & + 21°)/(2R°EF);

A, =(8la’ + & + 21°)/(2R°EF);
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A, = (513> + 3¢ + SB)/(4h2EF);
A, = (513a* + 3¢* + S)/(4WEF), ... .

OO0muit 4iIeH NoTydYeHHON TOCIeT0BATEIEHOCTH
merogamu Maple HaxoauTCs U3 aHaIN3a HE MEHee Ye-
ThIpHaAUATH GepM pazauyHoro nopsaka. C moMoIibo
omeparopa rgf_findrecur cucremsr Maple cocraisiercst
OIHOPOIHOE PEKYPPEHTHOE YpaBHEHHE JUIS KaXKIOTO
kospdunmenta. Jng kosppunuenta C, nomayyaercs
yYpaBHEHHE CEeIbMOTO TOpsiIKa:

Cl,k = Cl,k—l + 3C1,k—2 -3C

k3 3 Cl,k—4 + 3C1,k—5 +
+C

k6 T 1LkT

Jns1 pemiennst ypaBHEHUI UCTIONB3YETCs ONepaTop
rsolve:

C, = (18K +27(3 + (1)K + 9(19 + (1) )k +
+135 + 81(-1)9/32.

AHAIOTHYHO HAXOIATCA U APYTHe KOI(DUINESHTHI:

C,=((-1)f+2k+3)/16; C,= (11 + (1) +

+20)/16. )

B urtore peienue nmeer Bua:
An = (C1a3 + Czc3 + C3h3)/(h2EF).

PacueTHast popmyrna A7t onpeneneHus nepBoi ya-
CTOTHI KOJICOAaHUI TIPHHUMAET BUJI:

EF
o, =h 3 3 N
m(4n+8)(Cia” +C,c” +C,’)
B ominune OT aHATUTHYECKOTO PEIICHUs 3a1a9u

0 nporube A, TONY4EHHOE PENIEHHE Il OCHOBHOM 4a-
CTOTHI KOJICOAHUH SABIACTCS MPHOMKEHHBIM. OIICHUTH

(6)
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Puc. 7. IlorpemHocTs aHaIUTUYECKON OLEHKH OCHOBHOM YaCTOThI

CTETICHb MPHOMMKCHNS HAICHHOTO PELIeHUsI MOKHO,  30B. [l pacueTa MpHUHATHI pasMepsl GepMmbl: a = 3 M,
CPaBHUB €TI0 C YHCIICHHBIM PEIICHUEM 3aauu 0 Kosieba-  /#=2 M wn & =4 M. CtanbHble CTEP’KHA HMEIOT MOJTYIIb
HHH ¢ y4eToM Bcex K cTerneHeit cBoOobl cucteMsl rpy-  ympyroctu £ = 2,1 - 10° MIla, maccel B y3nax m = 200 kr,
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TUTOIIA/Ib MTOTICPEYHOTO CEUCHUs CTepxKHEH F = 9 cm?.
KpuBble aHAIMTUYECKON 3aBUCMMOCTH OT YHCJIA MaHe-
JIEH YaCTOTBI ®,) U IEPBOM YaCTOTHI CIIEKTPA (,, PACCUH-
TAHHOW YMCIICHHO IS ABYX 3HAYCHHH BBICOTHI (PepMBI /1,
npuBeAeHbI Ha puc. 6. [lpu yBenuyeHnu yncia naHenaei
B (epMe 00a pemieHns, aHATUTHIECKOE W YUCICHHOE,
COMIKAIOTCS, YacTOTa CKAYKOOOpPa3HO yMEHBINACTCS.
B npenene yacrora crpemurcs K Hyio. Mcnons3oBan-
HBIA MOTU(pUIIMPOBAHHBIN MeTon [loHKepies He 00ma-
JIaeT CBOMCTBOM HIIKHEH IPaHUIIbI TOYHOTO PEIICHMS
opuruHaibHoro Merona Jloukepnes [24]. Kpusas ana-
JUTUYECKOTO penieHus (6) HeCKOIbKO pa3 mepeceKkaet
KPUBYIO YHUCJICHHOTI'O. DTO MOBBIIIAET TOYHOCTh npeaiio-
KEHHOTO perieHns. TOUHOCTh TPUOIMKEHHOTO aHAJIUTH-
YECKOTO PEIIEHHUS MTOTyYaeTcsl BEICOKOH M yBEITMIHNBACT-
Csl C pOCTOM YHCJIa MTAaHEeNeH. DTO JydIle BCETO MOXKHO
OLIEHUTB N0 OTHOCHTENBHOH BEMIHUHE: € = [0, — O, [/®,.
Ha puc. 7 moka3zaHa 3aBHCHMOCTb HMOTPEIIHOCTH €
OT YKMCJIa MTaHeJel IPH pa3IMIHbIX 3HAYEHUSX BBICOTHI /1.

[Ipu mocTpoernn rpauka NCIONB30BaHbBI TE XKe
JIaHHbIe (hepMBbl, UTO M sl KpUBBIX Ha puc. 6. ITo-
IPEIIHOCTh AaHAJUTHYECKOrO PELIeHUs] HEPaBHOMEPHO
YMEHBIIAETCS ¢ YBEIIMYCHHUEM IOpsiaKa (epMbl U He-

MHOTO 3aBHCHT OT BBICOTHI (epMbl /. [TorpemrHocts
TaKKe 3aBUCHUT OT YETHOCTH YHCIIA K.

3AKJIIOYEHHUE U OBCYXJIEHHUE

Paccmorpena u mpoaHanu3MpoBaHA HOBas CXe-
Ma PaCKOCHOHM CTaTHYECKU OMPENeTUMON peryasipHoi
(hepMBI ¢ IBYMS TOMIOTHNUTEIBHBIMHA KOHIIEBBIMH OI1O0-
pamu, JOMyCKaromas KUHEMaTH4eCKy0 U3MEHIEMOCTh
IIpU OTIPE/ICTICHHOM 4Mciie MaHened. 3aMedeHHbIH fe-
(heKT pacCMOTPEHHOW CXEMBI JOCTATOYHO OMACHBIH, TaK
KaK OH MOYKET OBITh CKPBIT B pealTbHONM KOHCTPYKIINH, Ha-
TIPUMED, 3a CUET BBE/ICHUSI )KECTKUX COCANHEHNI BMECTO
MIApHUPHBIX y3710B. OOHapyKeHNE ITOH 0COOCHHOCTH
PETYISIPHBIX (pepM BO3MOXKHO TIPH aHAIN3€ UX KHHEMa-
TUKU. B cucTeMe KOMIBIOTEPHON MaTeMaTHKHU € UCTIOJb-
30BaHHEM METO/1a MH/TYKIMHU BBIBEICHBI PUOIIKEHHBIC
(hopMyITBI 3aBUCUMOCTH TIPOrHOa 1 OCHOBHOM (TIEpBO¥A)
9acTOThl COOCTBEHHBIX KOJI€OAaHUIl OT YKciIa MaHele.
OTMedaeTcs, YTO TOUHOCTh MPUOIIKEHHON (GopMyITbI
pacTeT ¢ yBeJIMYEHHEM YKcia naHenei. B pemiennu 3a-
JTag¥ O Tporude GepMBbl IMoJ ASUCTBUEM pacIpe/eieH-
HOH y3J70BOM HAarpy3ku MO HH)KHEMY IOSCY HailjeHa
KBaJIpaTUYHAsI aCUMIITOTHKA.
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Scholar: FloNGFwAAAAJ, IstinaResearcherID: 2939132; C216@ya.ru.

INTRODUCTION

In practical calculations of building structures, nu-
merical methods are generally employed to account
for all the characteristics of the systems under consid-
eration and the applied loads. Most commonly, soft-
ware packages based on the finite element method are
used for this purpose [1-3]. An alternative to numerical
methods is analytical methods utilizing computer alge-
bra systems. The most widely used systems are Wol-
fram Mathematica and Waterloo Maple, which have
similar command systems and capabilities. Problems
relating to the analytical study of regular (containing
periodic structures) bar systems have been investigated
in [4, 5]. A.V. Matrosov and D.P. Goloskokov carried
out symbolic calculations of structural elements [6, 7].
An analytical calculation of the fundamental natural

frequency of a planar model of a composite truss with
an arbitrary number of panels in the Maple system was per-
formed by E.V. Komerzan, I.G. Ninalalov and O.V. Sviri-
denko [8]. The algorithm applied by these authors made
it possible to calculate the deflection of a plane truss that
is statically indeterminate in external terms and to derive
a final formula for deflection as a function of the number
of panels [9]. In studies [10, 11], they obtained an approxi-
mate solution for a cantilever truss and a spatial bar struc-
ture, respectively.

Formulas for calculating the static deflection and
natural frequencies of the nodes in a planar truss with
an arbitrary number of panels have been derived using
the method of induction [12]. The first (fundamental)
natural frequency of a planar truss has been calculated
using Donkerley’s approximate method [13]. The range
of resonance-safe frequencies of a flat model of a regular
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Fig. 1. Diagram of a truss, n = 3

truss was analyzed, assuming that the masses at the nodes
undergo only vertical vibrations [14, 15]. An approximate
formula for the natural frequency of a two-span truss
was derived in the Maple system [16]. The dependence
of the deflection of a flat externally statically indeterminate
truss on the number of panels was derived by the method
of induction [17]. The natural frequency spectrum of a flat
regular truss with a double lattice is considered in [18],
and that of a spatial truss in [19]. An analytical estimate
of the first natural frequency of a support in the form of
an L-shaped spatial truss has been derived [20].

The aim of this study is to derive an analytical re-
lationship between the number of panels and the dimen-
sions of the structure, and the deflection and natural fre-
quency of a new diagonal truss design which, for a given
number of panels, allows for kinematic variability.

MATERIALS AND METHODS

A statically determinate truss with ascending diago-
nal members, struts and parallel chords has two supports
at each end. Three of the supports are movable joints,
and one is a fixed joint. The truss consists of 2# panels
of length « in the central part of the span (counting from
the top chord) and a further three panels at each end.
The height of the truss is /. The mass of the truss model is
uniformly distributed across its nodes in equal masses mz;
the members are considered weightless in this approach.
Vertical oscillations of the nodes are considered accord-
ing to a harmonic law (Fig. 1); horizontal oscillations
of the nodes are neglected.

When solving the problem of the natural frequen-
cy of a truss, the number of degrees of freedom is equal
to the number of its internal nodes: K = 4n + 8. The to-
tal number of members is v = 8n + 16. This number
of members also includes five members representing
the supports. The stiffness of the supports corresponds
to the stiffness of members of length 4.

2n+8
14

13 15 14 16 15 17
)

Calculation of forces in members. The forces in
the members, required to determine the stiffness of a stati-
cally determinate system using Maxwell — Mohr’s formula,
are derived from the equilibrium conditions at the joints. In
a symbolic mathematics system, a system of equilibrium
equations for the joints is formulated, the matrix of which
consists of the direction cosines of the forces. These values
are calculated symbolically using data on the arrangement
of members at the nodes and the coordinates of the no-
des. The nodes and members of the truss are numbered
(Fig. 2). The origin of the coordinate system is located at
the left movable support A4:

x=a(i-1)y,=0;i=1,..,2n+7;

=a(i+2);y =hyi=1,...,2n+1.

xi+2n+7 +2n+7

The structure of the connection between mem-
bers and nodes is defined by lists containing the node
numbers at the ends of the members. The members
of the lower chord, for example, are encoded by the fol-
lowing lists: @, = [i, i+ 1],i=1, ..., 2n + 6. Similarly,
lists are created for the members of the upper chord:
O ~li+t2n+7,i+2n+8]i=1,...,2n

Truss span AD = L = 2(n + 3)a. The forces are
determined from the solution to the system of equilib-
rium equations at the joints, expressed in matrix form
for an arbitrary truss configuration: GS = R, where G
is a matrix of direction cosines v X v; S 1is a vector of
unknown forces and support reactions; R is a vector
of external joint loads. The direction cosines are cal-
culated from the node coordinates and the connection

order of the members at the corresponding nodes.

RESEARCH RESULTS

Forces in the members. When a load of inten-
sity P is applied, distributed across nodes 3, ..., 11
of the lower chord, the non-zero components of the vec-

18 204n+8

Fig. 2. Node and member numbers of the truss, n =3
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697" 14 1.5
A B D
6.8 20 * 16 18
-15 -3 1 Y1 -1.5

Fig. 3. Load and force distribution, n =3

tor on the right-hand side of the system of equilibrium
equations take the form: R, = P,i=3,i=3,...,2n+5
(Fig. 3). The distribution of forces in the members due
to a unit dimensionless load P = 1, distributed along
the lower chord for @ =3 m, 4 =2 m, is shown in Fig. 3.

Tension members are highlighted in red, and com-
pression members in blue. The values of the forces
in the members are rounded to two decimal places.
Under this load, the upper chord of the truss is under
compression, but the compression is uneven. The cen-
tral members are not the most heavily loaded, as in
simple beam trusses. This is a consequence of the de-
sign: the braces span three adjacent panels, transferring
forces to the members of these panels. The lower chord
and the braces in the truss are in compression, whilst
the struts are in tension under minor forces.

Calculations of the forces in the truss members
with different numbers of panels have shown that, for
a certain number of panels, the determinant of the ma-
trix of the equilibrium equations becomes zero. Fur-
thermore, this effect is independent of the dimensions
of the panels and the applied load. A sequence of n =1,
3,4,6,7,9, ... admissible numbers of panels has been
identified, with the common term:

n=(6k+ 1) —1)4,k=1,2,.... (1)

In other cases, it is possible to identify a kinemati-
cally consistent configuration of the possible velocities
of the truss members, which makes it an instantaneous-
ly variable mechanism (Fig. 4).

When n =2, four nodes of the truss experience ver-
tical velocities v that are unacceptable for a rigid struc-
ture, whilst the remaining nodes and supports remain
stationary. Some members, for example 2-3 and 34,
undergo instantaneous rotations, whilst members 3—14,

12 13

6—14 and 9—14 undergo translational motion. Thus, cal-
culations of deflections and vibration frequencies should
be performed not for all trusses, but only for those in
which the number of panels satisfies expression (1).
A similar effect of kinematic degeneration in a planar
truss structure was observed in [21, 22].

The formulas for the support reactions can be de-
rived separately. The method of induction is used for
this purpose. Calculating the support reactions for a se-
quence of trusses of varying order yields the following
sequence: N, =N, =[2P,3P/2,4P,5P/2, 6P, TP/2, ...].
The general term of this sequence is found using Maple
by solving a linear homogeneous recurrence equation
generated by the rgf findrecur operator:

N, =N, =P+ )(~)k—3)/d; k=1,2,3, ...

Similarly, other reactions can be found as func-
tions of the number of panels:

N,=N,=P(3 + (~1))k + 2 +2(~1)"/4,
k=1,2,3,....

The horizontal reaction of the right fixed support
under this load is zero.

Deflection. The deflection of the truss is estimated
based on the vertical displacement of the middle node
E. To do this, the Maxwell — Mohr formula is used:

Ap =D S LIEP),
a=1

where S @ — the force in member o under the specified
distributed load acting on the truss; S ' — the force
resulting from a unit vertical force acting on node E;
[ — the length of member a. It is assumed that the ten-
sile stiffness EF of the members is the same throughout
the truss. As with the derivation of the formulas for

16 17=4n+38

Fig. 4. Possible node velocities in a variable truss when n = 2
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forces as a function of the number of panels, a sequence
of solutions is derived for k=1, 2, ...:

A, =PO9a* + &+ 30°)/(2W°EF);

Ay, =P(441a’ +2¢° + 4l°)(WEF);

A,y = P(593a +2¢ + 4W*)(WEF);
A, ,=3P(1,557a* + 3¢ + Sh*)/(2h°EF);

A, . =5P(64,053a> + 10¢* + 121°)/(WEF).

E,18

For shorter sequences of solutions, no pattern can
be found in the Maple system. The solutions to the linear
homogeneous recurrence equations were obtained using
the rsolve operator from the genfunc package in the Ma-
ple system. The coefficient at @* is a solution to a ninth-
order equation:

Cl,k - Cl,k—l * 4Cl,k—2 —4C
+4C,,  —-4C

1,k—6

-6C

1,k=3 1,k—4

c .+C

1,8

+ 6C‘] =5 *

L7 1,k-9
with initial conditions C, = 99/2, C,, =441, C , =
=693, ..., C,,=46,935/2 and takes the form:
C, = (270k* +36(45 + 7(-1)Hk* +
+54(71 + 21(-1)HK + 36(117 + 67(-1)Hk + 2,115 +
+1,917(-1)%/128.
All in all: Ay, = P(C @+ C,c* + C)/[(hEF),

where ¢ =+94*> +h* and

C,= 2k + (6 +2(-1)Hk + 3(-1)F + 5)/16;

C,= Q2+ Q1)+ 14)k + 17 +7(-1)"/16.
Fig. 5 shows the curves depicting the relationship
between the number of panels and the relative deflection
A"=EFA, /(LP ), where P = P(2n + 3) is the total

sum

load on the truss. Maple operators can also determine

the asymptotic behaviour of the solution. It turns out
that the increase in relative deflection as the num-
ber of panels increases follows a quadratic pattern:
lim A/ k* = 15a%/(64h%),

It should be noted that, within the scope of the ad-
opted truss model, the solution obtained for deflection
is accurate; therefore, it is particularly effective for
trusses with a large number of panels.

Natural frequency. In practice, the first (lowest)
natural frequency is most commonly used for dynamic
structural analyses [23, 24]. To obtain the value of this
quantity as a function of the number of panels, one may
use the method of induction by generalizing a series
of approximate analytical solutions based on the modi-
fied Donkerley formula [25]:

K K
o, =) 0l=my .5, =mdK2=mKA, (2)

p=l p=l
where o, is the partial vibration frequency of a single
mass m at a specific node numbered p. The simplifi-
cation of the original Donkerley formula is achieved

K
by replacing the sum of the partial deflections 28,,

p=1
with their average value 6™*K/2. The frequency is de-
termined from the equation of motion for the mass at
the node:

myj +Dy =0;p=12,.., K 3)

The coefficient D is calculated using the Max-
well — Mohr formula by summing over all members
of the truss, including the five supports, which are as-
sumed to be deformable:

D, = X (s 1EP) (4)

AV
400 /
300 /
h=1m
Yl
200 /
4 /ﬂ/"‘
100 -~
I ___________/
_/ ﬂ’/
—" h =3 ml

Fig. 5. Relative deflection as a function of the number of panels
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Fig. 6. Comparison of the analytical solution with the numerical solution
€
0.16 4\
0.14 \
h=2m
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Fig. 7. Error in the analytical estimation of the fundamental frequency

where S © is the force in the member numbered @ when  chosen as the most flexible node [25]. For the scheme
a unit vertical force acts on node p. The support mem- under consideration, this node is node number n + 4
bers are assumed to have a nominal length 4. Node p is  in the middle of the lower chord. Calculating the sum
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in expression (4) A, = Z(S;") )2 I /(2EF) for a series
a=1

of trusses with a sequentially increasing number of pan-

els yields the following formulas:

A, = (27a* + & + 31°)/(AR’EF);
A, = (81a’ + & +21*)/(2W*EF);
A, =(8la’ + & + 21°)/(2W°EF);
A, = (513a’ + 3¢ + 5h°)/(4W°EF);
A, =(513a* + 3¢ + SK)/(A4W’EF), ... .

The general term of the sequence obtained using
Maple methods is derived from the analysis of at least
fourteen trinominal expansions of various orders. Using
the rgf findrecur operator in Maple, a homogeneous re-
currence equation is formulated for each coefficient. For
the coefficient C,, a seventh-order equation is obtained:

Cl,k = Cl,k—l + 3Cl,k—2 - 3C1,/ﬁ3 - 3C1‘k4 + 3C1,k—5 +
+ Cl,k—() T Mk

The rsolve operator is used to solve equations:

C,= (18K +27(3 + (1)) + 9(19 + 9(-1)")k +
+ 135 + 81(-1)"/32.

Other coefficients are calculated in the same way:

C,= ((=1)*+ 2k +3)/16; C, =11+ (=D + )
+2k)/16.
The result is as follows:

A, =(C@ + C,¢ + C)(WEF).

The formula for calculating the natural frequency
is as follows:

o -4 EF ]
b m(4n+8)(C,a* + C,c* + C,h*) ©)

Unlike the analytical solution to the deflection prob-
lem A, , the solution obtained for the natural frequency
is approximate. The accuracy of the solution can be as-
sessed by comparing it with the numerical solution to
the vibration problem, taking into account all K degrees
of freedom of the load system. The following truss dimen-
sions are used for the calculation: a =3m,h=2morh =
=4 m. The steel members have a modulus of elasticity
of E=2.1"-10° MPa, masses at the nodes of m =200 kg,

and a cross-sectional area of the members of F'=9 sm?.
The analytical curves showing the dependence of the fre-
quency o, and the first spectral frequency ®, on the num-
ber of panels, calculated numerically for two values
of the truss height %, are shown in Fig. 6. As the num-
ber of panels in the truss increases, both the analytical
and numerical solutions converge, and the frequency
decreases abruptly. In the limit, the frequency tends
to zero. The modified Donkerley method used here
does not possess the lower bound property of the ex-
act solution of the original Donkerley method [24].
The curve of the analytical solution (6) intersects the curve
of the numerical solution several times. This improves
the accuracy of the proposed solution. The accuracy
of the approximate analytical solution is high and increas-
es with the number of panels. This can best be assessed by
the relative value: £ = |, — o |/w,. Fig. 7 shows the depen-
dence of the error € on the number of panels for various
values of height /.

The same truss data used for the curves in Fig. 6
were used to construct this graph. The error in the ana-
lytical solution decreases unevenly as the truss order in-
creases and depends slightly on the truss height /. The er-
ror also depends on whether the number £ is even.

CONCLUSION AND DISCUSSION

A new design for a statically determinate regular
truss with two additional end supports was examined and
analyzed; this design allows for kinematic variability when
a specific number of panels is used. The defect observed
in the scheme under consideration is quite dangerous, as
it may be concealed in a real structure, for example, by
introducing rigid connections instead of hinged joints. De-
tection of this feature of regular trusses is possible through
an analysis of their kinematics. Using the method of in-
duction within a computer algebra system, approximate
formulas were derived for the dependence of deflection
and the fundamental (first) natural frequency on the num-
ber of panels. It is noted that the accuracy of the approxi-
mate formula increases with an increase in the number
of panels. In solving the problem of truss deflection under
a distributed nodal load along the lower chord, a quadratic
asymptotic behaviour was found.
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