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AHHOTALUMNA

BBeneHwue. /3yyalotcs 3aKOHOMEPHOCTW PacnpoCTPaHEHNs rapMOHUYECKUX NPOAOMbHbLIX BOMH B AUCKPETHO-HEOAHOPOA-
HbIX NIMHENHO-YNPYIUX CTEPXKHAX. AKTyanbHOCTb 0OycrnoBneHa 3agayelt ynpaBnsemoro nepeHoca v nokanusauum MexaHu-
YeckoW dHeprnn B MHXeHepHbIX cuctemax. Lienb nccnegosanns — paspaboTaTth obliee aHanuTu4yeckoe peLleHne BOMHo-
BOrO Mons Ans nony6eckoHeYHbIX AVCKPETHO-HEOAHOPOAHbIX CTEPXKHEN, COCTOSALLMX U3 MPOU3BONLHOMO KONMMYECTBa CIOEB,
a TaKke nokasatb, YTO BbIOOP NOCNeaoBaTENbHOCTH CIOEB, X TOMLLMH U KOHTPAcTOB MEXaHUYEeCKNX NapaMeTpoB (Moayns
yNpyrocTu, NAIOTHOCTU M aKyCTUYECKOro MMneaaHca) no3BonseT ynpaensTe aMniMTyaHO-4aCTOTHBIMU XapakTepucTukamu
1 cosgaBaTh 30HbI YCUMEHNs 1 ocnabneHns konebaHuin B 3aAaHHbIX Anana3oHax 4acToT.

Martepuanbi 1 metoabl. [peanoxeHo obLee aHanNnUTUYECKOe peLleHre AN CTEPXKHEN, COCTaBIIEHHbIX U3 KOHEYHOTO YMcna
CINOEB C KYCOYHO-MOCTOSIHHBIMM NapameTpamu. B kaxgom crioe none NpeacTaBnsieTcs Cyneprnosvumen BCTpeYHbIX beryLmx
BOIMH, @ Ha rpaHunUax pasgena cpeq BbIMOMHSAOTCA YCNOBUSA HENPEepPbIBHOCTU NepeMeLLEHNIn N HOPMarbHbIX HaMPsHKEHWN.
3TO NpUBOAUT K MaTpryHOMY ONMCaHUIO (METOA NepeaaToyHbIX (MMNeAaHCHbIX) MaTpuLl)), MO3BOSSIOLLEMY: BbIYUCTISTb KOM-
nreKkcHble aMnnTyAbl B CHOSIX, NOMyyYaTb KO3ULIMEHTbI OTPaXXEHUS/NPOXOXAEHUA AN 3aAaHHON YacTOTbl BO3BYXAEHUST W
N CTPOUTB aMMINTYAHO-4YaCTOTHbIE XapaKTEPUCTUKN B MPOM3BONBbHON TOYKe CTEPXHS. MNpuBeaeHa meToamKa YMCIIEHHOrO KO-
HEYHO-3NIEMEHTHOTO MOAENMPOBaHNS ANCKPETHO-HEOAHOPOAHBIX CTEPXHEBBLIX MoAenew B nporpaMmmHoM Komnrekce ANSYS
Mechanical APDL.

Pe3ynktathbl. [okaszaHo, Y4TO AMCKPeTHas HEOAHOPOAHOCTL MaTepmana No3BonseT LeneHanpasneHHo hopMmnpoBaTe am-
NAUTYAHO-YaCTOTHbIE XapakTePUCTVKM 1 YyNpaBnaTb BOMHOBLIMU NpoLieccamMu, Co3aaBasi 30Hbl YyCUINEHUst unu ocnabnexHuns
konebaHuii. Ha npumepe TPexcronHOro CTEPXKHSA MpUBeAEHb! 3aBUCUMOCTM aMniuTya konebaHuii oT napameTpoB MaTte-
prana (pasHblx CKOPOCTEN pacrnpoCTPaHeHUst BOSTH B CPEAE) U YacTOTbl BHELIHEro BO3AencTBusS. BbinonHeHa yncneHHas
BepudurKaumsa ¢ aHanUTUYECKM peLLeHneM, NMoATBEPAMBLIAA KOPPEKTHOCTb METOAVKMA MOAENUPOBAHUS.

BbiBoAbl. [NonyyeHHble pe3ynsTaThl OTKPLIBAKOT NEPCNEKTUBbLI NPaKTUYECKOTO NMPUMEHEHUS NMPU PeLleHNn MHXEHEPHbIX
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CTBaMu, MOBbILLAIOLLMX YCTONYNBOCTb KOHCTPYKLIMIA K BUOPALMOHHBIM U CEMCMUYECKUM BO3LAENCTBUSAM.
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ABSTRACT

Introduction. The regularities of the propagation of harmonic longitudinal waves in discretely inhomogeneous linearly elastic
rods are investigated. The relevance of the study is due to the problem of controlled transfer and localization of mechanical
energy in engineering systems. The aim of the work is to develop a general analytical solution for the wave field in semi-infi-
nite discretely inhomogeneous rods consisting of an arbitrary number of layers, as well as to show that the choice of the se-
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quence of layers, their thicknesses, and the contrasts of mechanical parameters (Young’s modulus, density, and acoustic
impedance) makes it possible to control the amplitude-frequency characteristics and to create zones of amplification and at-
tenuation of vibrations in prescribed frequency ranges.

Materials and methods. A general analytical solution is proposed for rods composed of a finite number of layers with piece-
wise constant parameters. In each layer, the field is represented as a superposition of counter-propagating traveling waves,
and at the interfaces the continuity conditions for displacements and normal stresses are satisfied. This leads to a matrix
description (the transfer, or impedance, matrix method), which makes it possible to compute complex amplitudes in the lay-
ers, obtain reflection/transmission coefficients for a given excitation frequency w, and construct amplitude-frequency char-
acteristics at an arbitrary point of the rod. A procedure is presented for numerical finite element modelling of discretely
inhomogeneous rod models in the ANSYS Mechanical APDL software package.

Results. It is shown that discrete material inhomogeneity makes it possible to purposefully shape the amplitude—frequency
characteristics and control wave processes by creating zones of amplification or attenuation of vibrations. Using a three-
layer rod as an example, the dependences of vibration amplitudes on material parameters (different wave propagation ve-
locities in the medium) and on the frequency of external excitation are presented. Numerical verification against the analyti-
cal solution has been carried out, confirming the correctness of the modelling procedure.

Conclusions. The obtained results open up prospects for practical applications in solving engineering problems, includ-
ing the design of seismic barriers, waveguides, and filters with prescribed dynamic properties that increase the resistance
of structures to vibrational and seismic action.

KEYWORDS: discretely inhomogeneous rod, harmonic longitudinal waves, wave dynamics, analytical solution, numerical

modelling, ANSYS Mechanical APDL, amplitude-frequency characteristics
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BBEJEHUE

Onucanue npobnemsi. PacpocTpaHeHne rapmMo-
HUYECKUX MPOJIOIBHBIX BOJIH B MEXaHUYECKH HEOIHO-
POIHBIX CTEP)KHAX, O0JIaat0INUX JUCKPETHO-HEOAHO-
POJHOW CTPYKTYpOH, IpencTaBisieT co0oil BaXHYIO
(hyHIaMeHTaIbHYIO U TPUKIIQAHYIO Tpo0sIeMy A psiia
WH)KEHEPHBIX oOsacTeil. B yclioBusX HEenpepbIBHOTO
YCIOKHEHUSI KOHCTPYKITMOHHBIX MaTEPHUAJIOB U IOSIB-
JICHWSI HOBBIX KOMIIO3HIIHOHHBIX CTPYKTYp HOSBUIACH
HEOOXOAMMOCTb B 00JIEE TOUHOM U JAETATU3HPOBAHHOM
OIHMCaHUH BOJHOBBIX MPOIECCOB, BOSHUKAIONIMX MPH
Pa3IMYHBIX BHEIIHUX BO3ACHCTBUSIX.

[Tonxon, cBI3aHHBIA ¢ HEOIHOPOAHBIMU MaTEepH-
ajlaMu, o3BoJIsIeT (hOPMHUPOBATH BOJHOBBIE CBOICTBA
CHCTEMBI, CO3/aBasi BOJHOBO/HI [ 1] mimm GuisTpe! ¢ 3a-
JAaHHBIMH PE30HAHCHBIMU XapaKTePUCTUKAMH, IeJie-
HAIPaBJICHHO YIPABIAIOMINE MPOIECCaMU MepeHoca
MEXaHUYECKOW IHEPIUHU.

Oco0Oblii MHTEpEC BBI3BIBAIOT JIMHEHHO-yIpyTHE
Cpelsl ¢ AUCKPETHO-HEOIHOPOIHBIMH BKIIOUCHHUSIMU
[2—8] wmm mepuoanveckoit (QyHKIIMOHATBHO-TPaTUCHT-
HOM) CTPYKTYpoii [9—14], MOCKONBKY BOITHOBEIC IIPOIIEC-
CBI B TAKMX CHCTEMaX CYIIECTBEHHO OTIMYAIOTCS OT UX
AQHAJIOTOB B OJHOPOJHBIX CIUIOIIHBIX cpefax. B wacT-
HOCTH, HAJIMYUE HEOIHOPOIHOCTEN PUBOIUT K paccesi-
HUIO BOJIH, U3MEHEHHIO CKOPOCTEH UX paciipoOCTpaHEeHUs,
a TaKke (POPMHUPOBAHUIO CIIOXKHBIX MOJIEH HANpsHKEHUH
n nedopmaryii. [IoHnMaHne STHX MTPOLECCOB JaeT BO3-
MOYKHOCTB ONTHMH3HPOBATH KOHCTPYKITHIO WHKCHEPHBIX
CHCTEM, TTPOTHO3UPOBATH TNHAMHUIECKOE TIOBEICHHE Ma-
TEpUAaJIOB M Pa3padaTsIBaTh HOBBIE BOIHOBOIHBIEC CTPYK-
TYPBI C 33/IaHHBIMUA CBOHCTBAMH.

Ipumenenue Ouckpemuo-neoOHOPOOHLIX Md-
mepuanos. OnNHOM U3 chep MPUMEHEHUST TUCKPETHO-
HEOTHOPOHBIX MAaTepPHAJIOB B CTPOUTEIIBCTBE SIBIISIOT-
cs ceiicmmueckue O6apbeprl [15-19]. Celicmuueckue

Oapbepbl — 3TO CTPYKTYPBI HIIU MaTePUAIIbI, CIICIIH-
aJIBHO CIPOCKTUPOBAHHBIC JIISI TIOABJICHUS WIIHA OTKIIO-
HEHHUsI paCIIpOCTPAHEHUs CECMUUECKUX BOJIH B TPYHTE
U CTPOUTENBHBIX KOHCTPYKIHAX. OCHOBHON MPHHIIMII
UX pabOoThI 3aKJIFOYAETCS B CO3/IaHUH TPETSITCTBUAMN IS
MeXaHHYeCKOM OHEPIrun, TEM CaMbIM IIPEAOTBpaIIas
nepenavyy KojicOaHUil B 3amuinaemMbiii 00bekT. OgHO
13 BO3MOXKHBIX PELLIEHUH JJIs1 CO3/1aHusl CEHCMUYECKUX
6apbepoB — HCITOIB30BaHNE AUCKPETHO-HEOTHOPOI-
HBIX cpel. JucKkpeTHas HeOOHOPOTHOCTh 03HAYAECT, UTO
paccmarpuBaemasi CTPyKTypa COCTOUT M3 MHOJKECTBA
Y9aCTKOB, KaXKIBIH M3 KOTOPBIX 00NamaeT YHHKaTh-
HBIMHU (HU3UKO-MEXaHUYECKUMHU CBOWCTBaMU. Takwue
CTPYKTYPHI TTO3BOJISIFOT CYIIIECTBEHHO U3MCHATH XapaK-
TEePUCTHUKH PAaCIPOCTPAHCHUS BOJH, OOeceunBas -
(hexkTHBHOE OCialICHHEe TMHAMUYCCKUX BO3ICHCTBHIA
Ha COOPY>KCHHUE.

Lenu u 3a0auu uccnedosanusi. B paMkax HaCTOSIIIIETO
MCCIIE/IOBaHMS pa3paboTaHo o0IIee aHATUTHYECKOE petlie-
HHE BOJIHOBOTO TOJIS IS TIOJTYOCCKOHCUHBIX TUCKPETHO-
HCOJTHOPO/HBIX CTEPIKHEH, COCTOSIINX U3 TPOM3BOIBHOTO
KOoJTM4YecTBa citoeB Matepuana (puc. 1). Ocodoe BHUMaHKE
VACIACTCS U3YUCHHUIO ITOBEICHUSI UCKPETHO-HEOTHOPOI-
HBIX CTEPXKHEU MPU NPUI0KEHUN TAPMOHUYECKUX IIPO-
JOJIBHBIX BOJIH pa3n1/Iquﬁ YaCTOTBI, & TAKKC aHAJIU3Y
JUCKPECTHBIX HeO}IHOpO}]HOCTCf/'I, HUMCIOIHUX Pa3IMNYHBIC
CKOPOCTH pacipoCTpaHEHUs IPOAOIBHBIX BOJH. Takxke
TIPOBOANTCS YUCIICHHOE MOJICTIMPOBAHHE B ITPOTrPAMMHOM
xomruiekce (ITK) ANSY'S Mechanical APDL ¢ nienbro Be-
PUQUKAIIIH TOTYICHHBIX aHAJTUTHIECKAX PE3yIBTaTOB
1 TIOCJIEAYIOMIETO PEIICHNS 3aad BOTHOBON JMHAMHKA
HEOHOPOIHBIX CpPel.

Taxum oOpa3om, HacTosmas paboTa HalpaBicHa
Ha HcciefoBaHue (hyHIaMEHTAIbHBIX IIPOIIECCOB pac-
MPOCTPAHEHUS BOJH B IMOITyOSCKOHEUHBIX TUCKPETHO-
HEOTHOPOIHBIX JIMHEWHO-YIPYTUX cpenax. [lomydeHHbIe
PE3yNIBTaThl BO3MOKHO HCIIOIh30BaTh MIPH Pa3pabOTKe
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METO/IOB IPOCKTHPOBAHUS CEHCMHUUYECKUX OapbepoB
C 33JaHHBIMH XapaKTePUCTHUKAMH, U OHH MOTYT OBITH
TMMOJIE3HBI MPOCKTUPOBUIMKAM W MHXCHEpAM, 3aHUMaA-
FOLIMMCSI pa3pabOTKON U peau3alieid Mep 1o 3aluTe
UH(PACTPYKTYPBI OT CEHCMUUECKHUX M IMTPOYUX BO3/ICH-
CTBHH, a TaK)Ke HCCIEN0BATENIM, HHTEPECYIOMNUMCS
BOJIHOBBIMU IIPOLIECCAMU B HEOJHOPOAHBIX CTPYKTYpax.

MATEPHAJIBI U METO/JbI

IHocmanoska 3a0auu. PaccMatpuBaetcs moiyoec-
KOHEUHBIA JUCKPETHO-HEOAHOPOIHBIN JIMHEHHO-YIIPY-
U CTEPKEHb ¢ TAPMOHUUYECKON CUIIOBOM HArpy3Koii,
MIPUJIOKEHHOHW K JIEBOMY KOHILY, H YCJIIOBHEM 30MMep-
(henblia Ha MPABOM KOHIIE (U1 yXOAAIIMX HAa OECKOHEY-
HOCTh BOJIH), TIOKa3aHHbII Ha puc. 1. [lanHas 3amada
MPECTABISICT HHTEpeC U3-3a 3 (deKTa MpeTOMICHHBIX
W OTPaKEHHBIX BOJIH Ha IPaHUIIAX pasjelia cpel ¢ pas-
HBIMU CKOPOCTSIMHM PAclpOCTpaHEHHs BOJH (aHajor
ypaBHeHus DPpeHens uist cpel] ¢ pa3HbIMH [O0Ka3are-
JIIMH TIPEJIOMIICHNS ), IPY BapbUPOBAHUU ITapaMETPOB
KOTOPBIX MOXHO I[O6I/IT]:C$I U3MCHCHHA aMIIJIUMTYHO-
YaCTOTHBIX XapaKTEPUCTUK BOJIH.

Ypasnenus osudicenus. s kaxxnoro yyactka n (rae
n=1,2,...,N) cTepiHs C JIIMHOH [ , MOJTylleM ynpyrocTu
En U IJIOTHOCTBHO pn MOXXHO 3aIicarb YPaBHCHUEC JIBUKE-
HUSL JUIS TPOJIOJBHBIX KoJieOaHUH. YpaBHEHUE JBHIKSHHS
JUISL KJKJIOTO y4acTka OyJeT BBIISIETh CIISIYIOIUM 00-
pazomM:

d’u, (x,7) B ﬂ@zun (x,1)
or* P, Ox°

TIe un(x, ) — QYHKOHS IPOJOIHHOTO MEePEMEIICHHUS
CTEpPIKHSI JUIsl n-TO y4acTKa; X — MPOCTPAHCTBEHHAs
KOOPJIUHATA; { — BPEMSI.

Torga ckOpOCTh PACHIPOCTPAHEHHS BOJIHBI B /-M
y4acTKe CTEP)KHsI OyIeT OMUCHIBATHCS JUISl KaXK[OTO
CJI0S TI0 OTJENBHOCTH:

, ()

E
7= )
Pn

I'panuunvie u nauanvhvie yciosus. [ paHuIHOE yC-
JIOBHE Ha JIEBOM KOHIIE (TapMOHIYECKUE KOIeOaHus):

u(0, f) = 4 e 3)
MOXXHO 3aI1iucaTb B KOMIIJIEKCHOM BU/JIC:
A= Ae®, 4)

rae A — KOMIUICKCHAs aMILUTUTY/Ia, YIuThIBaroas (hasy
KOJIEOaHUH (.

u(t) = A,

Ha npaBoM KoHIIe IPUMEHEHO YCIIOBHE HEOTpaXka-
rolux rpasul (yciosue 3ommepdensaa [20, 21]), co-
OTBETCTBYIOLIEE yXO/SIIMM Ha OECKOHEYHOCTh BOJIHAM.
B KOHTEKCTE NHMCKPETHO-HEOAHOPOIHOTO Marepualia
3TO O3HAYAET PABEHCTBO HYIIO aMIUIUTY/] BOJIH, IIPHXO-
nsuEx «cnpagay (47, = 0).

JlJ1st aHAJIMTUYECKOTO PELIeHHsI pacCMaTpUBAIOTCS
HavaJIbHbIE YCIIOBUSI [UISl Y)KE YCTAHOBUBIIMXCSI KoseOa-
HU (9KBUBAJICHTHO MOMEHTY BPEMEHH, KOT/la CUCTEMa
yIKe BBIIILIA HA CTAIIMOHAPHBIN PEKHM), YTO COOTBETCTBY-
€T HAYANBHBIM YCIOBHAM U, (x, 0) = Ale ™™ + 47e™",
u(0, 0) = 4, tne A, — HaYANbHBIE AMIUTATY (bl TAPMOHH-
4ecKoro Bo3aeicTBus. [10100HbIC YCIOBUS HCKITFOYAIOT
WMITYJIbCHBII (DPOHT.

Venosus cuusxu ¢ynxyuii na epanuye paszoena
cped. YcnoBusi cliMBKU (QyHKUMN (HEpa3pbIBHOCTH
MepEeMeIeHNH U HANpsHKEHUH Ha TPaHUIAX YIACTKOB)
B 001I[eM Cllydae 3ar1ChIBalOTCS B CIEIYIOIIEM BUIE:

i, anzi,z =i, Zn:l,.,t ; )
i=1 i=l

ou, (<& ou !
N | =Ey — L Y|, (6)
Ox ; i n+l1 ox ; i

En

n n
rae i, Zli’ t\ui,, Zli,t — KOMIIJIEKCHEIE Iepe-
i=1 i=1
MELICHHS B #-M U 71 + | CIIOSIX Ha UX FpaHUIaxX paseia
~ n ~
Ot Zli, t|m % Zn: 1, t | — KOMILIEKCHbIE
ox \ig ox o l
nedopmanuu B n-M 1 71 + 1 CIOSX Ha UX TPAHUIAX pa3-
JeJ1a Cpesl.

DyHKYUA nepemeujeHull OUCKPemHo-HeoOHOPOO-
HO20 CIEPIHCHA NPU 2APMOHUYECKUX Konebanusx. Pere-
HHE YpaBHEHHMS IS 11-TO CJI0s OyleT HaXOAUTHCS B BHIE
CYMMBI OeTyITIX BOJH (IPSIMBIX U OTPA’KEHHBIX) B KOM-
IUIEKCHBIX NIePEeMEHHBIX:

cpenbl;

L (x, 1) = 4] GOk | fr il k) ™

e AZ " A:’, — KOMIUIEKCHBIE aMIUTUTY/bI BOJH JUISL 7-TO
CJIOsI, PacIPOCTPAHSIONIMXCS HAJIEBO M HANPABO COOT-
BETCTBEHHO.

Cucmema nuUHEUHbIX aneedpaudeckux ypasHeHull.
Torna oO1ias cucreMa JIMHEHHBIX are0pandecKix ypas-
HEHUI OTHOCHTENIbHO HEM3BECTHBIX 3aIIMCHIBACTCS Clie-
JTYIOIIIUM 00pa3oM:

E4’ Py E n Py

Puc. 1. ITonyGeckoHeuHast TUCKPETHO-HEOJHOPOIHAS BA3KOYIIPyTrasi OfIHOMEpHAs cpelia C TApMOHHUYECKONM CUIIOBOM HAarpy3Koi,

HpHJ’lO){(GHHOﬁ K JIEBOMY KOHIlY, 1 HCOTPpaXKarOUIUMHU YCJIIOBUSAMU CIIpaBa
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Al k,L, +Arezk"L” _AIHG ik, L, +A:;+1€ik"“L”;
E, [Al (=il ) e b 4 47 (ik, ) e | =
k+Ln kll+ Lll
n+1|: n+1( lknJrl) e +An+1(lkn+l)el I :| (8)

Ay =A + 47,
Ay =0.

U3 cuctembl anreOpardeckux ypaBHEHHUH (8) moiry-
YeHO 00IIIee PEIICHUE /ISl 7 YIaCTKOB (CJIOEB), KOTOPOE
conep>kKuT 2n — 1 Hem3BeCTHBIX. PerieHne CBOIUTCS K CH-
cTeMe BUJa:

1 1 0

—i® 7/, io, 711 —io pi/l
E E, E,

—io, Fll+17
0
0 \/g —zm\/:lﬁl, \/E
0

AHanUTHYECKOE pelIeHne IJIsl YaCTHOM 3a1a49u Oy-
JIET IPEACTABICHO B BUJIC BRIpaXXCHUS (7) ¥ IPUBEACHO
B ypaBHeHuu (11):

Re(All.ei(mt—k,x) " Alr'ei(mHk'x)) x< 11

ulx, i) = Re(A£~e'(m' B4 40 “’””‘”)l <x <l +1, an

Re(A’ k) 4 gre “”*"*‘)) I+ <x

Yucnennoe modenuposanue 6 IIK ANSYS Mecha-
nical APDL. C 1ienbio 4uCICeHHOTO MOISTTUPOBaHUS 3a-
Jlad BOJTHOBOHM TMHAMHKH B OCHOBHOM HCIOJB3YIOT SIB-
HBIE METOJIbl YHCIICHHOTO HHTETPUPOBAHMSI ypaBHEHHH
JBIDKEHUS, TaK KaK OHM IPOCTHI B peanu3zannu. s
BBIUMCIICHUS 3HAUCHUS! (DYHKIMHM Ha TEKyIIEM IIare
MPUMEHSIFOTCS 3HAYCHHSI TOJIBKO Ha MPE/IbIIYIIEM Iare,
OJTHAKO 3TO TpedyeT Malloro BPEMEHHOTO Imara Jjis
ycToitunBocTH (Hampumep, metox Pynre — KytTsl [22]
WA METOJ KOHEYHBIX pazHoctei [23]). HesBHbIC Me-
TOJbI YCTOWYUBHI MPU OOJBIIMX BPEMEHHBIX IlIarax
U PEMIAIOT CHUCTEMbI YPABHEHHH Ha Ka)kJOM IlIare, 3To
JenaeT Oyayniue 3HaYCHUS 3aBUCHMBIMHM OT CaMHX
ce0s1, YTO TOBBIIIAET UX BBHIUYUCIUTENBHYIO CIOXKHOCTD
(mampumep, metox Kpanka — Hukoncona [24], meTton
Heromapka [25] niu I'mansbepa — Xbro3a — Teitnopa-a
(HHT-a) [26]). Betbop meToma 3aBUCHUT OT TpeOOBaHHIA
K TOYHOCTH, YCTOWYMBOCTU M JIOCTYIHBIX BBIYHCIH-
TEJILHBIX PECYPCOB.

B Hacrosmem ncciaemoBaHUM IS YHUCICHHOTO
mopaenuposanust npumensics [IK ANSYS Mechanical

o J;, . .

\/EEM\/;/, \/E zm\/;IA \/g —m)\/E—t/, \/g \/;::/, 0 .

io, 7[1+1,
E,

{4} = [KT{F}, ©)
rae {4} — BEKTOp HEM3BECTHBIX aMILIUTY/I KOJIeOaHHHA
B ypaBHeHuu (7); [K] — marpuna xo3pGuueHToB;
{F} — BEKTOp BHEIITHETO BO3/ICHCTBUSL.

Pewenue ona wacmnoeo cnyuas. ]I KOHKPETHBIX
pacyeToB M aHaJIH3a 3aKOHOMEPHOCTEH pacmpocTpaHe-
HUSI TADMOHUYECKHX TPOAOJIbHBIX BOJIH B JJUCKPETHO-
HEO/IHOPOAHBIX JIMHEIHO-YIPYTHX CTEPXKHSIX PaccMO-
TPUM CITy4aii, KOTrJa KOIM4eCTBO cJ0eB (yyacTkoB) N = 3.
[anee npuBeneHa pacumpenHas Marpuna koadduim-
eHTOB [K] AJis JaHHOTO BapyaHTa!

0 0 0

(10)

-io \/r:([‘ +1) io \F (h+1)

m)\/: I+1y) \/E _LQ\P l+1y) \/g \/Z:i(m/z)

APDL, peanusyromuii HessBHbIE METOJIBI YUCIEHHOTO
WHTEIPUPOBAHUS YPABHEHUH JIBHIKEHUSI.

B nuHelHBIX cucTeMax IMHAMUKUA KOHCTPYKLIMH
BHYTPEHHSIsI HArpy3Ka JIMHEHHO MPONOPLHOHAIbHA Y3-
JIOBBIM TIEPEMEILIEHUSAM, a MaTPULIA )KECTKOCTH CUCTe-
MBI OCTA€TCsl HEU3MEHHOU. YpaBHEHUE IBUKEHUS B Ma-
TPUYHOU POpME METOa KOHEYHBIX JIEMEHTOB MOXKHO
3aImMcaTh B CIAEAYIOIEM Buje':

M)y + [Cl{uy + [K]{u} = {F1}, (12)

rae [M] — rmobanpHas MaTpuna Macc (OOBIYHO AUATO-
HaJbHAsI WIX cOTIacoBaHHas); {u}, {u}, {u}, {F'} —
BEKTOPBI, XapaKTEPHU3YIOUINE Y3JIOBbIE YCKOPEHUS,
CKOPOCTH, EPEMEIICHUS U HarPy3Ky COOTBETCTBEHHO
Kak (yHKIMIO 0T BpeMeHH; [ C] — miobanbpHas MaTpuna
nemrupoBanus; [K] — miobajgbHas MaTpyia )ecTKo-
CTH CHCTEMBI.

B Hacrosiiiem ucclieOBaHUU CHCTEMa YPaBHEHHMA
(12) pazpemaercst metogom Hetomapka [25]. CemeiicTBO
AJITOPUTMOB UHTErpupoBaHust Hpromapka siBisieTcst of1-
HHUM U3 CaMBbIX NOIMYJISPHBIX METOJOB HHTETPUPOBAHUS
BO BPEMEHHN KaK OJHONIATOBBIM aJrOPUTM, KOTOPBIH
3apeKOMEH/I0BaN ce0st B MPAKTHKE JUIsl 3a/1a4 HESIBHOU
JMHAMHMKN B MEXaHHUKE Ae(hOPMUPYEMBIX TBEPIBIX TEIl.
VYpaBuenue aBrkenust (12) MOXXHO nepenucarb Kakx:

(M1, 3 + [CHa,,, § + [KH{u,, ;= {F,} (13)
e {i,, = (e, )}, {u,,, =t )y uu, = {u(, )F —

COOTBETCTBEHHO BEKTOPBI Y3JIOBBIX YCKOPEHUH, CKOPO-
CTel W TlepeMeNIeHUH B MOMEHT BpeMenH (¢ . ); {F7, } =

OOOOOOOOOCPR

! Theory Reference. Release 2024R1 ANSY'S Inc. Canonsburg, 2024.
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= {F:,IH
30K.

B nononnenune k ypasaenuto (13) cemeiicTBo ain-
TOPUTMOB MHTEIPUPOBaHUs BO BpeMeHH Hpromapka
TpeOyeT 0OHOBIICHHS MIEPEMELICHUI U CKOPOCTEH clie-
JIYFOIIIUM 00pa3oM:

i, 3 =y + [ =8){d,} + 64, } 1A,

(¢,,,)} — BEKTOp TIPUIIOKEHHBIX Y3IIOBBIX HArPy-

(14)

fu 3 =1{u )+ {u A+ [(12 - )i } +afii , VAP, (15)

ntl
Tae o ¥ 6 — MapaMeTpsl HHTerpupoBanus Heromapka
2
621, o Zl(lﬁij -

2 4\2

B xoneuHoM uTore cxema MHTErpupoBanusi Huro-
MapKa COCTOMT M3 TPeX YpaBHEHHH KOHEYHBIX Pa3HO-
CTEH, Ipe/ICTaBIeHHbIX B ypaBHeHUH (13) uepes ypaBHe-
nus (14) u (15), a Taxke Tpex HEM3BECTHBIX {1, }, {1, }
u {u  }, KOTOpPbIE MOT'YT OBITh YMCIEHHO BBIYMCIIEHBI
C TIOMOIIIBIO TPEX ajreOpanuyecKux ypaBHEHHH BMeCTe
C TpeMs M3BECTHBIMH BeJIMUMHAMM {1 }, {1 } 1 {u }.

HWcnonezys Tpu ypasuenns (13)—(15), onHormaro-

BBIH aNrOpUTM B TEPMUHAX HEU3BECTHOM {u , } M Tpex
M3BECTHBIX BEIMYMH MOXKHO 3aHUCaTh:

(o, [M] + 0, [C]+ [KD{u,. ;= {7, § + [M] (o {u,} +
to,duy o di )+ [Cloy u,} + o di ) +agdi,}), (16)
1 8 1 1

rme o,=——, o, =—, o, =——, o :__1’
oA’ TN aAr aAt” 7 2a
9 At( 8
o, =—-1, oy =—| ——2 |— napameTpsl UHTEIPHU-
o o
poBaHusI.

Hauanvhvle u epanuunvie yciosus. 'panndnoe yc-
JIOBHE HA JICBOM KOHIIE 33/1aHO aHaJOTMYHO yCIOBHIO
B ypaBHeHHH (3) B BUJIE 3a[JaHHOTO BEKTOpa IepeMeltie-
Husl oT BpeMeHU. HeoTpaxkaronye rpaHu4YHbIe YCI0BUS
(ycnoBust 3ommepdensaa [20, 21]) orcyrerBytor B [TK
ANSYS Mechanical APDL. CyiiecTByOT HECKOJIBKO
HHBIX MMOAXOA0B IJIA pe€ain3alliui HCOTpaKaroumux rpa-
HUYHBIX YCJIOBUH B 3aJja4aX BOJIHOBOM JUHAMUKU:

1. Tlormomaronye rpannuHble ycnosus (Absorbing
Boundary Conditions — ABC). Hcnionb3yrorcst 1yist Mu-
HUMU3ALMN OTPKCHUH BOJH OT IPAHUIl PACYETHOH 00-
nactu. Peanusyrorcs depes crielMajibHbIE AJIEMEHTBI
FLUIDI129 umu FLUID30 (s akyCTHUECKUX 3ajad)
100 Yepe3 MoNIOIIAIoIINe Macchl 1 eMiidepbl. OCHOB-
HOM NPUHIUIT — J100aBiIeHne nemMnpupyronmx 3(Ghexron
Ha rpaHHuIIe.

2. ornomaronme ciou (Perfectly Matched Layer —
PML). IIpumenstoTcst 1 AMEeKTPOMArHUTHBIX, aKyCTH-
YECKUX M HEKOTOpBIX ynpyrux 3agad. PML co3naer uc-

KyCCTBEHHYIO 00J1aCTh C MaTepHUajoM, MOIVIOMIAIIIHM
SHEPTHUIO BOJHEI 0e3 oTpakeHus. HacTpamBaeTcs uepes
CBOICTBa MaTepHajioB, 3aJaBAeMbIX B SJIEMEHTAX IIOTJI0-
maroriero cios [27].

3. UmnenancHble rpaHuubl. Mcenonb3yrores nis
MOJICITUPOBAHUS BOJTHOBOTO COMPOTUBICHUS CPEIBI
Ha rpaHuiax. YacTo NpUMEHSIOTCS B aKyCTHKE H 3a-
Jadax ruaporazoguHaMuKu 111 UMUTAIUU OTKPBITBIX
TPaHHMIL.

4. beckoneunsie amemeHTs! (Infinite Elements).
TUMUYIHO TPUMEHSIOTCS B aKyCTHYECKHX 3a1adax (Ha-
npumep, snemenTsl INFIN110). I[To3Bomstror Momenm-
pOBaTh HEOTPAaHWICHHBIC 00IaCTH 0€3 NCKYCCTBEHHBIX
orpaxenuii [28, 29].

OpHako HanboJee MPOCTHIM B PEaTU3aIlUU SIBIIS-
©TCsl METOJI POJJICHHSI PACUCTHOM 00IACTH 32 TPAHUILY
HHTEpeCyIoIIel 001acTu (Ha pacCTOsIHUE, 3HAYUTCIILHO
MpeBBIIIaoNIee ee pa3mep). Takoi MOAX0a MO3BOMISIET
«ECTECTBEHHBIMY CIIOCOOOM J1aBaTh BO3MOKHOCTB BOJI-
HaM YXOIWTH 3a TPeNeNbl pacyeTHoi obmactu. Ho atot
MOIX0/T UMEET M HEIOCTATKHU, CBA3AHHBIC C TEM, YTO
caenarh OCCKOHEYHYIO PAaCUETHYIO 00JacTh B YHCIICH-
HOM MOJICITHPOBAaHUHN HEBO3MOXKHO. BOJHBI, KOTOpBIC
MPOIIIA Yepe3 UHTCPECYIONIYI0 PACUCTHYIO 00JIacTh,
B KaKOM-TO MOMEHT BpEMCHH HAYHYT OTpaXaTbCsAa
OT NpaBoil rpaHuLbl. J{J1s 3TOro B YUCIEHHOM MOJEIIH-
poBaHUM ObUTa cAeNaHa TOTOTHUTENIbHAS pACUCTHAS
obmacTh (Ha puc. 2 o0macTp, MOKa3aHHAS CHHUM IIBE-
TOM), JUTHHA KOTOPOH Ha MOPSIOK OOJBIIEe paccMaTpH-
BaeMOM OOJIaCTH, ¥ aHAJM3UPYETCS OTPAaHIMYCHHBIN OT-
PE30K BPEMEHH JI0 TEX IOp, IIOKA BOJIHBI HE OTPA3ATCS
OT IPaBOrO KOHIIA.

HauanbHbIe yCIOBUS IJIs1 YUCICHHOTO MOJICIUPO-
Bauus u(x, 0) = u(x, 0) = 0. Takoii BeIOOp 00yCIIOBICH
0COOCHHOCTSIMH YHCIICHHOTO PEIICHNUS, KOTJ]a Ha3Have-
HHUE aMIUTUTYIb B HAaYaIbHBIH MOMEHT BPEMEHH MOXKET
MIPUBECTH K UMITYJICHOMY BO3ZeicTBHIO. BBIX0om mpo-
Iecca Ha YCTaHOBHBIIHUIICS peXUM KOJICOaHUH TIpOC-
XOJHT 332 HEKOTOPOE BpeMsl, OOBIYHO 3a BpeMsi, KOT/Ia
TrepBasi BOJIHA MIPOMIET OT JICBOT'O JI0 ITPABOTO Kpasi pac-
CcMaTpuBaeMOH pacyeTHoi o0acTu.

Buvibop muna xoneunvix snemenmos (K3) u napa-
Mempbl YUCTEHHO20 MOOeNUpo8aHus. J{s YUCICHHOTO
MonenupoBarus npuMmersiics KO LINK180 — omgmo-
OCHBIH AIIEMEHT PACTIKCHUS-CIKATHS C TPEMS CTCTICHSI-
MU CBOOOIBI B KaKIoM y3ie. O01iee BpeMst MOJISITH-
poBanus cocrtasisio ¢ = 100 npu konvuecTBe 11aroB
NSUBST = 1000.

Jluckpemuzayus pacuemnoti oonacmu. YucneHnoe
pelICHUE TPEACTABIICHO ISl YaCTHOTO Cyyasi, KoTaa
konnuectBo cioeB N = 3 (puc. 3). Kak Ob1710 cKkazaHo

Puc. 2. KoneuHo-31eMeHTHBIE MOJIEIH TIPH Pa3HBIX ceTOUHBIX pa3duskax (30, 150 u 300 »nemeHTOB)
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> C. 152-171
HEOAHOPOAHbIX AMHENHO-YNPYIMX CTEPXHSIX

B pasziesie ¢ IOCTaHOBKOM 3a7jauul, IPaBbIi Kpail CTepxk-
Hs1 OBUT IIPOJJICH JUTS yXO/1a BOJH HA 3HAYUTEIILHOE Pac-
CTOSIHHE, YTOOBI N30€KaTh OTPAXKEHHS M €TO BIIMSHUS
Ha MHTEpecyouyo obnacts pemenus. [Ipomiennas
00J1acTh 1MOKa3aHa CHHUM IIBETOM Ha pHC. 2 U HE TpH-
BeJIEHa B CBOEH ITOJIHOM JJIMHE.

Jlig nccnenoBaHusl CETOYHOM CXOIMMOCTH pac-
CMaTPHUBAJIOCH TPU BapUAHTA KOHEYHO-3JIEMEHTHON
CETKHM C pa30reHneM UHTEPECYIOIIEH 00IaCTH CTEPIKHS
Ha 30, 150 u 300 snemeHTOB. JlaHHOE HCCIIEIOBaHUE
MPOBOAUTCS C IIEJBIO OMPEACICHHUS ONTUMAIbHOTO
pa3zmepa KD miist mosmyueHUs! YMCICHHOTO PELICHHMS,
HE3aBHCUMOI'0 OT CETOYHOTO pa3duenusi. CpaBHEeHHE
YHUCJIICHHOTO PEIICHUA 6y[[eT IMPOBOAUTLCA C aHAJIUTU-
YECKHMM PEIIEHUEM [T CIIOUCTOTO MaTepHraa ¢ OJuHa-
KOBBIMH CKOPOCTSIMH PacIpOCTPaHEHHsI BOJH B Cpeie
(rapMoHHMYeCKHE KojieOaHNsI paBHOH aMITIIUTY/IbI ).

PE3YJIBTATBI HCCJIEJOBAHMUSA

Ananumuuecxoe pewenue. Ha puc. 3, a npeacras-
JIEHBI Pe3ynbTarThl A1t N = 3 CII0€B [UIS CIEAYIONHX CITy-
Jaes (MPH PaBHBIX JUIMHAX ydacTkoB [, = [, =/, =10 M
1 OJIMHAKOBOM YacTOTE BHEIIHETO BO3ACHCTBHSA ® = 1):

1. Bce cxopocTu pacnpocTpaHeHUsl BOJH pPaBHBI
MeKIy co0oii ¢, = ¢, = c,. TakoMy Bapuanrty COOTBET-
CTBYIOT CIIEIyIOIME 3HAYCHHUS KOHCTAaHT MaTepuaa:
E=E=E=1p=p,=p,=L

2. Korjga ckopocTH pacipoCTpaHEHMs BOJH IS
KaXJIOM CIIC/IYIOIIEH CPEJibl BIBOE MEHBIIE ¢, > ¢, > ¢,
(¢, = 2¢,, ¢, = 2¢,). Takomy BapHaHTy COOTBETCTBYIOT
CIIE/IYIOIME 3HAYEHHSI KOHCTAHT Matepuana: £ = 16,
E,=4,E=1,p =p,=p,= 1.

3. Kora ckopocTu pactpoCTpaHeH st BOJTH JIJIsT KaxK-
TOY CIIETYTOIIEH Cpeibl BIBOE OotbIie ¢, < ¢, < c, (c3 =2c,,
¢, = 2¢,). TakoMy BapuMaHTy COOTBETCTBYIOT CIENy-
IOLIME 3HAYCHUS KOHCTAHT Marepuana: £, = 1, £, = 4,
E,=16,p, =p,=p,= 1.

4. Korjia cCKOpOCTH pacipoCTpaHEeHHs BOJIH JIJIS KaXK-
TOH MOCIIEMYTONIEH Cpenbl ¢, < ¢, > ¢, (c2 = 4c1, c,= 2c1).
TakoMy BapHaHTy COOTBETCTBYIOT CIIEAYIOIINE 3HaUe-
HUs KOHCTAHT Marepuana: £ =1, £, =16, £, =4,p =
=p,=p,= 1.

Matepuansl BEIOpaHBI B Oe3pa3MepHBIX BEIHYU-
HaxX: MOJAYJIH YIPYroCTH HOPMHPOBAHBI Ha 0a30BYIO
BEJIMYMHY £, a TUIOTHOCTH Ha p,,.

W3 nosy4eHHBIX pe3ysibTaToOB MOXKHO C(HOPMYJIH-
pOBaTh CIEAYyIOIIEE:

1. PaBeHCTBO CKOpPOCTEHN pacupoCTpaHEeHUs BOJIH
(¢, = ¢, = c,). Pesynbrarel MOKa3pIBalOT yCTOHYUBYIO
nepeiady SHEPruy 4epe3 CIOM ¢ MHHUMAJIbHBIMHU UC-
Ka)KEHUSIMH U PaBHOMEPHYIO aMIUTUTY/Y KOJeOaHuii.

2. Db dexT ycueHns aMIDTATYJ KoieOaHuii 1 yBe-
JIMYEHUS 9aCTOThI KOJICOAHUH, KOT/1a CKOPOCTH pacIpo-
CTpaHEHHs BOJIH ISl KQXKJIO0H ClielyIolIel cpe/ibl BIBOE
MEHbIIE (¢, > ¢, > C;).

3. D¢ dexT cHMKEHUS aMIUTHTY, U YMEHBIICHHS
4acTOTHI KOJeOaHM, KOT/Ia CKOPOCTH PaCIpOCTpaHe-

HUS BOJIH JUIS KQXKIOW CIEAYIOIIeN Cpeabl BIBOE 00b-
we (¢, <c, <c,).

4. Mns cmydasi, KOTJja CKOPOCTH PacTIpOCTPaHEHHUS
BOJIH JUIsl KaXKJI0M MOCIIEAY oI cpeibl ONPEAeIIsitoTCS
KaK ¢, < ¢, > ¢,, BO3HUKACT CJIOKHbIN MEPEXO] B 30HE
MEXIY TEePBBIM U BTOPHIM CJIOSMH, KOTJIa CKOPOCTH
pacmpoCTpaHEeHHs BOJIHBI B Cpelax oTnHyarTcs B 4
pasza.

JucKpeTHO-HEOTHOPOIHBIN MaTepHal IMO3BOJIS-
eT 3QPEeKTUBHO YNPABISATh XapaKTEPUCTUKAMU pac-
IpoCcTpaHeHus BoJaH. M3MeHss cBOMCTBa MaTepuala
(TIOTHOCTH, MOAYNb YIPYTOCTH), KOTOPBIE BIUSIOT
Ha CKOPOCTH PacHpOCTPaHEHHUS BOJH B CpeJie, MOKHO
LeJICHANPaBICHHO ()OPMUPOBATH AMIUIUTYAHO-4aCTOT-
HBIC XapaKTEPUCTUKHU. DTO OTKPHIBACT MEPCIICKTHBEI
MPUMEHEHHS MOJOOHBIX CTPYKTYp IS pa3paboTKu
HaNpaBJICHHBIX CEHCMUYECKUX 0apbepoB, (UIBTPOB
Y BOJTHOBOJIOB.

PaccMoTpuM moBesieHNEe ANCKPETHO-HEOIHOPOI-
HOTO CTEPKHA AJIA CIy4as, KOrjna ¢, <c¢, < ¢, (c3 = 202,
¢, = 2c¢,) IpH Pa3IMYHBIX YaCTOTaX BHENIHMX BO3/EH-
ctBui (0 =1, =2, ® =5, ® = 10).

Ha puc. 3, b BuHO, 4TO C yBEJIIMYEHUEM YacTO-
THI BHEIITHETO BO3JCHCTBUS MPOUCXOIUT 3HAYUTEIIEHOEC
M3MCHEHUE aMIUTUTYIHO-9aCTOTHBIX XapaKTEePUCTUK
kojeOanuil. B HU3KOYACTOTHOI 00JaCTH aMILTUTY/IbI
OCTAIOTCSl OTHOCHUTEIBHO CTa0OMIBHBIMU U UMCIOT HE-
OOIBITYIO BapHAIIMIO BIONb cTepKH:. [Ipu yBemmueHnn
94acTOThI HAOIIOIAIOTCS PE30HAHCHBIC KM aMIUIUTYI,
CBSI3aHHbIE C HACTPONKOW mapamMeTpoB Marepuala
U CTPYKTYPHI CTepKHA. {1 BRICOKHX 9acTOT aMILIH-
TYAbI PE3KO UBMECHAIOTCA, ACMOHCTPUPYS CIIOKHBIC KO-
nebarenbHBIE TAaTTepHBl. Hanuune HeomHOPOAHOCTEH
CYIIECTBEHHO BIHUSACT Ha (OPMY U BEIHYUHY aMIUIH-
Tyx. [TapameTpsl, Takue Kak AJIMHBI CETMEHTOB, YaCTO-
Ta BHEIIHEr0 BO3JEHCTBUS U pa3audus B CBOMCTBax
Marepuaia (IIIOTHOCTH, MOIYJISIX YIIPYTOCTH), UTPAIOT
KJIFOYEBYIO POJIb B ONPEJICIICHNH XapakTepa KoJaeOaHuii.

I'paduk Ha puc. 3, b mogYEpKUBACT BAXKHOCTH yue-
Ta 9aCTOTHI BO3/ICUCTBHS U CTPYKTYPHI CTEPKHS TPH
MPOEKTUPOBAHUU CEHCMHUYECKUX OaphepOB M BOJIHOBO-
JIOB. YIpaBJIeHHE TapaMeTpaMu HEOJHOPOIHOCTEH 110-
3BOJISICT JIOCTUTAThH IEJCHANPABICHHOTO TIOaBICHUS
BOJIH WM (DOPMHUPOBAHUS 30H KOHIICHTPALUHU SHEPTHH.

Jlnd Tex ke mapaMeTpoB MaTepuasia pacCMOTPUM
M3MCHCHHE TepEeMEeIIeHUH BO BPEeMEHH IIPH YaCTOTE
BHEIITHETO BO3ACHCTBUSA ® = 5 (puc. 3, ¢). [IpuBeneHs
pe3yabTaThl JJi1 TPEX MOMEHTOB BPEMEHH: C MAaKCH-
MaJIbHBIMUA 1 MUHUMAIEHBIMHU aMIUTUTYaMA BO BpeMe-
HHU, a TAKXXC B MOMCHT, KOrjla Ha JICBOM KOHIIC CTCPKHA
u =1 (rpaHMYHOE yCIOBHE MPUHUMAET MAaKCUMAIIbHOE
BO BPEMCHU 3HAYCHHE).

B MoMeEHT MakcUMaIbHOW aMIUTMTY/IbI HaOI01a-
I0TCSl BBIPDAKCHHBIE TUKU B (DMKCUPOBAHHBIX TOYKAX,
YTO CBSI3aHO C PC30HAHCHBIMH SBICHUSMHU B HEOIHO-
POIHOM CTPYKType CTepxHsA. B MOMEHT MUHUMaJIbHOU
aMIUIMTYAbl KOJICOAHUsI 3HAYUTENBHO 3aTyXaloT, YTO
CBHJICTEIBCTBYET O (a30BOM MHTEPPEPEHIINH BOJH
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1

I'panuna
Marepuano
I'panuia
Marepuano

X, M

— t=1,4014c¢c — t=1,7017 ¢ — t=1,2262c¢

i

— t=1,4014c¢c — t=1,7017 ¢ — t=1,2262¢

Cc

Puc. 3. 3aBHCUMOCTD aMIUTUTY/ KOJIEOaHUI: @ — NPHU Pa3IMYHBIX TapaMeTpax MaTepraia (pa3HbIX CKOPOCTEH pactpocTpaHe-
HHS BOJIH B CPEJie ¢); b — IPH pa3inyHbIX YaCTOTAX BHEUIHUX BO3JCHCTBHII ®; ¢ — OT BPEMEHH /
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MoaeAnpoBaHme pacrpoCTpaHeHUs rapMOHUYECKMX MPOAOAbHbIX BOAH B AUCKPETHO-
HEOAHOPOAHbBIX AMHEHMHO-YMPY X CTEXKHSIX

C. 152-171

(Ul D)

—-.982011 —734285 —.486558

—.920244 —.680238 —.440233 —.200228

i

—238832

.008894

.039777

il

752072

S il
l' __ m

279783 519788 759793

25662 504346 999798

999798

S S R —— ]

—.830556 7.60176 —.372967 —.144173

084621

313416 54221 771004 999798

Puc. 4. AMniuTy/pI nepeMerneHnii oqHOPOIHOTO CTEPHKHS IPH yCTAHOBUBILEMCS PEKHME KOJTeOaHUH I pa3IUdHBIX Mapa-

METPOB CETOYHOT0 Pa30UEeHUs pacueTHOI 00IacTH

B HEOJHOPOJAHOHU cucteme. HeogHOpOAHOCTh CTPYK-
TYpBI CTEPKHSI CO3/IaeT 30HBI KOHIICHTPAITH YHEPTHH
M y9aCTKH 3HAYUTEIBHOTO CHWKCHUS aMIUTHTYIHI,
YTO CBA3aHO C OTPAKCHHWEM BOJIH Ha TpaHUIlAX ydacT-
KOB C pa3HBIMH (PH3UKO-MEXaHUICCKUMH CBOHCTBAMH.
B MoMeHT MakcHManbHOTO BO3ICHCTBHS Ha JICBOM KOH-
IIe pacTlpeaesieHue aMIUTHTY XapaKTePU3yeTCs CHIThb-
HBIM BJIMSTHIEM TPaHUIHOTO YCJIOBHS, KOTJIA SHEPTHUS
WHTCHCUBHO TIepeIacTCs Yepe3 CTePIKEHb.

Junamuka koneOaHMI MOAYEPKUBACT BaKHOCTH
BpEeMEHHOTO (hakTopa /I aHaJ|3a BOJHOBBIX MPOIIEC-
COB B JIFICKPETHO-HEOTHOPOTHBIX MaTepraliax, 9To CBsI-
3aHO C TOSBIICHUEM KaK CTOSYUX, TaK U OCTYIINX BOITH.
BsanmMoneiicTBre BOH, 00yCIOBICHHOE HEOIHOPOIHO-
CTBIO, TIPUBOIUT K TIOSBIICHHUIO CIOKHBIX BPEMEHHBIX
3aBUCHMOCTEH, BKITIOUas CIBUTH (a3 U aMIUTUTYIHEIC
MOIYJISIINH.

Yucnennoe pewenue 6 IIK ANSYS Mechanical
APDL. Ha puc. 4, 5 npencTaBiIeHbI pe3yIbTaThl HCCIIe-

JIOBaHUS CETOYHON CXOMMOCTH ISl Pa3HBIX BAPUAHTOB
KOHEYHO-3JIEMEHTHBIX CETOK B CPABHEHUH C aHAJINTH-
YECKHMM PEIICHHUEM JUTS CIIONCTOTO MaTepHraa ¢ OJuHa-
KOBBIMHU CKOPOCTSIMH PaclpOCTPaHEHNUs BOJIH B CPEIC.
PewrenueM 3aaun B Takol Bapualuy CIYKUT yCTaHO-
BUBILHICS TAPMOHUYECKUI CUTHAJN C OIMHAKOBOM am-
TUTATYION KoJIeOaHWH BO BCEX CIIOSAX MaTepHaa.

ITo pe3ynpraTamM MOAETHPOBAHUS YCTAHOBIICHO,
YTO IPU YBEJINUCHNH KOJIMIECTBA HIIEMEHTOB TOUHOCTD
YHCJICHHOTO PEIICHHS BO3PACTAET, MPUOMIKasICh K aHa-
mutraeckomy. bonee rpyOsie cetku (Hampumep, 30 ie-
MEHTOB) JIEMOHCTPHUPYIOT 3HAUNTEIbHBIE OTKIOHEHUS
OT aHAJIUTHYECKHUX PEIICHHH, YTO CBSI3aHO C HEJOCTa-
TOYHOM JeTanu3aluueil B MOAEIUPOBAHUM I'PAIUEHTOB
HaIpspKeHUH 1 nedopmanmii. Ha ocHoBaHwMM nccmenoBa-
HHS CETOYHON CXOANMOCTH ONTUMAJIBHBIE 110 TOUHOCTH
perieHns OBITH MOMYYCHBI Ha ceTKe ¢ pazouenueM 300
37IeMEHTOB. JlaHHas ceTKa MPUMEHSUIACh JUIsl TIOCIIEny-
IOIINX PACUETOB YK€ TUCKPETHO-HEOAHOPOIHBIX MaTe-

— ANSYS; kel =300

— ANSYS; kel = 150

X, M

— ANSYS; kel=30 — AmnanuTuueckoe

peuIeHue

Puc. 5. BiusiHue ceTOYHOTO pa30MeHNs Ha YHCICHHOE PEIICHHE ISl OTHOPOIHOTO CTEPIKHS

R

[
—-.521083

—1.04627

783675 —.258491

.004101

L T T T
]

266693 529285 791878 1.05447

Puc. 6. AMIuATYIBI TIEpEMEIIeHIH TUCKPETHO-HEOAHOPOIHOTO CTEPIKHS TIPH YCTaHOBUBIIEMCS PEXXUME KoJeOaHni
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— UYuncnennoe pemenne (ANSYS MAPDL)

Puc. 7. ConocrapiiecHHE aHAJTUTHICCKOTO U YHCICHHOTO pemeHHﬁ JUIL JUCKPETHO-HCOAHOPOAHOTO CTEPIKHSA

MX MN
221E-05 015893 031783 047673 063564 079454 095344 111235 127125
MX B MN
666E-06 007244 014487 02173 028973 036216 043459 050702 057945

Puc. 8. li3ameHeHue ynenbHON KHHETHYECKOM SHEpTrrH (a) U IOTCHIMATbHON SHEPTuH (b) MO ATMHE IUCKPETHO-HEOTHOPOTHOTO

CTEePIKHSA

PHAIIOB C PAa3HBIMU CKOPOCTAMH PACIIPOCTPAHEHHS BOJH
B cpeziax.

Bepugurayus uucnennoti mooenu. Paccmarpupai-
Csl TUCKPETHO-HEOHOPOAHBIM CTEpP)KEHb IS CIydast,
xorma ¢, < ¢, <c, (¢, = 2¢,, ¢, = 2¢,). Koncranter ma-
tepuanos: £, =1, E, =4, E. =16,p =p,=p, = 1.
Ha puc. 6, 7 npuBenieHbl pe3ynbTaTbl YUCIEHHOTO MOJIe-
JMPOBAHMUS B CPABHEHUH C AHATUTHIECKUM.

UncnoBoe 3HaYCHNE OMIMOKHU OMPENENsIIOCh Ha
OCHOBE HOPMBI Pa3HOCTH MEXIY aHAJIUTHYECKUM
1 YUCIICHHBIM PACUYETOM:

(9 -a()
oo ()

e u (X), u (X) — aHaITMTUIECKOE M YMCIEHHOE PENe-
HHUE B TOYKE X COOTBETCTBEHHO.

PesynwraTel BepuduKauy MOKa3pIBAIOT, YTO YHC-
nenHoe mozenupoBanne B [IK ANSYS Mechanical
APDL mo3BoyisieT aJiekBaTHO (C TOYHOCTBIO 0 5 %
B TOYKEC C HAHOOJBIINM OTKJIOHCHHEM) OIMHUCHIBATH
pacrpeneieHue aMILTUTY KOJICOaHU | sl AUCKPETHO-
HEOJHOPOTHOTO MaTepHara.

Ha puc. 8 moka3aHbl COOTBETCTBYIOIIHNE TaHHOMY
MOMCHTY BPEMCHU 3HAUCHUS KHHETHYCCKOH dHEPTHH
U 3Hepruu nedopMaruii, u3 KOTOPHIX MOXKHO BUICTH,
YTO MX PaCIpeeIICHUE BIOIb HCOTHOPOIHOTO CTEPIKHS
HEPaBHOMEPHO. DTO CBS3aHO C HEOAHOPOIHOCTHIO MaTe-

= 10, (17)
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puaia u YacTOTOI BOJTHOBOIO B03,HCI7[CTBI/IFI. MaKCI/IMyMLI
OHEPIUHN COCPEAOTOUCHBI B ONIPEACIICHHBIX 30HaX.

3AKJTIOYEHHUE U OBCYXJIEHHUE

Ha ocHOBe poBeIEHHOTO HCCIEIOBAHMS MOJICITH-
POBaHUS PacpOCTPaHEHUs TaPMOHMUYECKUX MPOOIIb-
HBIX BOJIH B JUCKPETHO-HEOTHOPOAHBIX JINHEHHO-YTIPY-
TUX CTEPXKHSX MOXKHO C(OPMYIUPOBATh CIEAYIOLINE
BBIBOJIBI:

1. Pa3paborano oliiee aHaIUTHYECKOE pEIICHHE
JUTSI TADMOHHYECKON aKyCTHYEeCKOH BOJHBI B MMoTy0ec-
KOHEYHOM JMCKPETHO-HEOJHOPOAHOM JIMHEHHO-YTIpY-
TOM CTEP)KHE, COCTOSIIEM M3 ITPOU3BOIBHOTO KOJTHYE-
CTBa CJIOEB.

2. Ha ocHOBe pa3paOOTaHHOTO aHAIMTHYECKOTO
pelIeHHs] yCTaHOBIIEHBI KIIIOUEBbIE 3aKOHOMEPHOCTHU
pacIpocTpaHEeHUs] TAPMOHNYECKHUX MPOJOJIBHBIX BOJIH
B JMCKPETHO-HEOJHOPOAHBIX JINHEWHO-YIPYTUX CTEPXK-
HsIX. BBIS{BIIGHO, YTO TUCKPETHASA HCOAHOPOAHOCTh Mare-
pHana CyImecTBeHHO BIIMSET HA aMIUINTY/IHO-4aCTOTHbIE
XapaKTEePUCTUKHU U pacTIpeie]ICHHe YHEPTHU KoJleOaHUH,
cozaBast KaK 30HbI YCHJICHHS, TaK ¥ OCJIaONeHUs 1Ha-
MUYECKUX BO3/IECHUCTBUI.

3. Iloka3aHo, 4TO LIEJIEHAIIPABICHHOE N3MECHEHNE
(hM3MYECKUX U TEOMETPUUECKUX CBOMCTB Marepraia (Mo-
JyJeil yrpyrocTy, TWIOTHOCTH, JUTHH Y9acTKOB M KOJIHYe-
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HEOAHOPOAHbIX AMHENHO-YNPYIMX CTEPXHSIX

CTBa CJIOEB) M03BOJISAET (DOPMHUPOBATH 3a/IlAaHHBIC AMILIHU-
TYTHO-YACTOTHBIC XapPAKTCPUCTHKH BOJTHOBBIX TMOJICH.

4. ComocTaBieHAE aHATUTHYECKUX PEIICHHUH C pe-
3yJIbTaTaMu yuciieHHoro mojaenupoBanus B [IK ANSYS
Mechanical APDL npoieMOHCTpHUPOBAJIO UX XOPOIIee
coBmajeHrue. PaBHOMepHass HOpMa Pa3HOCTH MEXKIY
AHATTUTUYCCKUM U YUCICHHBIM PAacUyeTOM HE MPEBBI-
mana 5 %. JleTanu3aupoBaHHbIE KOHEUHO-3JIEMEHTHBIE
pacyeThl MoKa3ald, 94To I PACCMaTPUBAEMON MOJICITH
obecrieunBaeTCs CXOOUMOCTh KOHEYHO-3JIEMEHTHBIX
ANMPOKCUMAIINN K aHATUTUYCCKOMY PEIICHHIO.

5. Ilomy4yeHHBIC PE3yabTAThHl OTKPHIBAIOT IIHPO-
KHe TePCIEKTHBEI I WHXKEHEPHBIX NMPUMEHEHUN.

VYrpasnss mapaMeTpaMyd HEOZHOPOTHOCTH, MOXKHO
MIPOEKTUPOBATh CEHCMUYECKHE OaphepPhl, BOTHOBOIBI
n QUWIBTPHI C 3apaHee 3aJaHHBIMU AMHAMUYECKUMU
CBOMCTBAaMH, IOBBIIIAS yCTOMYMBOCTh KOHCTPYKLHUM
K BUOPAIIMOHHBIM U CEHCMHYECKUM BO3IeHCTBHAM. Ta-
KM 00pa3oM, pa3paboTaHHOE aHATUTHYECKOE pEeLICHHE
U IpeUIoKeHHAst METOJUKa YHCICHHOTO MOJIETINPOBa-
HUS BOJTHOBOM JIMHAMUKH JMCKPETHO-HEOIHOPOIHBIX
CTEp>KHEN MOTYT CITYy>KUTh OCHOBOM JIJIsl NalIbHEUIIUX
TEOPETUYECKUX HCCIIEA0BAHUN U NMPUKIIAAHBIX pa3pa-
60TOK B 00J1aCTH BOTHOBOM TMHAMHKH HEOTHOPOIHBIX
MaTepHaoB.
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INTRODUCTION

Problem statement. The propagation of harmonic
longitudinal waves in mechanically inhomogeneous
rods with a discretely inhomogeneous structure repre-
sents an important fundamental and applied problem
for a number of engineering fields. With the increasing
complexity of structural materials and the emergence
of new composite structures, there is a need for a more
accurate and detailed description of the wave processes
arising under various external influences.

An approach based on inhomogeneous materials
allows the wave properties of a system to be shaped by
creating waveguides [1] or filters with specified reso-
nance characteristics, thereby purposefully controlling
the processes of mechanical energy transfer.
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Linear-elastic media containing discretely inhomo-
geneous inclusions [2—8] or possessing a periodic (func-
tional-gradient) structure [9—14] are of particular interest,
as the wave processes in such systems differ significantly
from their counterparts in homogeneous continuous me-
dia. In particular, the presence of inhomogeneities leads
to wave scattering, changes in their propagation speeds,
and the formation of complex stress and strain fields. Un-
derstanding these processes makes it possible to optimize
the design of engineering systems, predict the dynamic
behaviour of materials, and develop new waveguide
structures with specified properties.

The use of discretely heterogeneous materials. One
area of application for discretely heterogeneous materi-
als in construction is seismic barriers [15—-19]. Seismic
barriers are structures or materials specifically designed
to suppress or deflect the propagation of seismic waves
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in the ground and building structures. The basic princi-
ple behind their operation is to create obstacles to me-
chanical energy, thereby preventing the transmission
of vibrations to the protected structure. One possible
solution for creating seismic barriers is the use of dis-
cretely heterogeneous media. Discrete heterogeneity
means that the structure in question consists of a multi-
tude of sections, each of which possesses unique physi-
cal and mechanical properties. Such structures allow
the wave propagation characteristics to be significantly
altered, ensuring effective attenuation of dynamic im-
pacts on the structure.

Aims and objectives of the study. Within the scope
of this study, a general analytical solution for the wave
field has been developed for semi-infinite discretely in-
homogeneous rods consisting of an arbitrary number
of material layers (Fig. 1). Particular attention is paid
to studying the behaviour of discretely inhomogeneous
rods when subjected to harmonic longitudinal waves
of varying frequencies, as well as to analyzing discrete
inhomogeneities with different longitudinal wave propa-
gation speeds. Numerical simulations are also carried out
using the ANSYS Mechanical APDL software package
to verify the analytical results obtained and subsequently
solve wave dynamics problems in heterogeneous media.

This study therefore aims to investigate the fun-
damental processes of wave propagation in semi-infi-
nite, discretely inhomogeneous, linearly elastic media.
The results obtained may be used in the development
of methods for designing seismic barriers with specified
characteristics, and may be of use to designers and en-
gineers involved in the development and implementa-
tion of measures to protect infrastructure from seismic
and other impacts, as well as to researchers interested
in wave processes in inhomogeneous structures.

MATERIALS AND METHODS

Problem statement. We consider a semi-infinite,
discretely inhomogeneous, linearly elastic rod with
a harmonic force applied to the left end and a Sommer-
feld boundary condition at the right end (for waves prop-
agating to infinity), as shown in Fig. 1. This problem is
of interest due to the effect of refracted and reflected
waves at the interfaces between media with different
wave propagation speeds (analogous to the Fresnel
equation for media with different refractive indices),

E,p, E,.p,

u(t)=A o€

B /

- [, ,

where varying these parameters allows one to alter
the amplitude-frequency characteristics of the waves.

Equations of motion. For each segment n (where
n=1,2, ..., N)ofarod of length / , with elastic modu-
lus £ and density p , an equation of motion for longitu-
dinal vibrations can be written. The equation of motion
for each segment will take the following form:

Y 62un (x, t) (1)
o p, o
. X

where u (x, t) — the longitudinal displacement function
of the rod for the n-th section; x — spatial coordinate;
t — time.

In that case, the wave velocity in the n-th section
of the rod will be described separately for each layer:

€ =— 2
Pn
Boundary and initial conditions. Boundary condi-
tion at the left end (harmonic oscillations):

u(0, 1) = A4, 3)
can be written in complex form:
A= Ae, 4)

where 4 — the effective amplitude, which takes into ac-
count the phase of the oscillations, ¢.

At the right-hand end, the non-reflecting boundary
condition (the Sommerfeld condition [20, 21]) is ap-
plied, corresponding to waves propagating to infinity.
In the context of a discretely inhomogeneous material,
this implies that the amplitudes of waves arriving “from
the right” are zero (4", = 0).

For the analytical solution, the initial conditions
for steady-state oscillations are considered (equivalent
to the moment in time when the system has already
reached a steady state), which corresponds to the ini-
tial conditions u,, (x, 0) = Aje™"* + 47 e"" u(0, 0) = 4,,
where 4, — initial amplitudes of the harmonic excita-
tion. Such condition.rule out a sharp transition.

Boundary conditions for the continuity of functions
at the interface between media. The boundary condi-
tions for the continuity of functions (continuity of dis-
placements and stresses at the boundaries between re-
gions) are generally expressed as follows:

i, [Enlzi, tj =i, [znlz,., IJ; &)
i=1 i=1

Es’ P; | E4, Py | EN, Py

Fig. 1. A semi-infinite, discretely inhomogeneous, viscoelastic one-dimensional medium with a harmonic force applied
to the left end and non-reflecting boundary conditions on the right
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ou, [ & ou <
E —2IN'1t|=E LN 8, (6)
n ax (; i J n+l 8)6 [,Z] i ]

n n
where i, (Z[},, tJ and Gnm[Zlilj — complex dis-

i=1 i=0
placements in the n-th and (n + 1) layers at their inter-

face; —(Z 17| and Yns Z[ t]complex defor-
mations in the n-th and (n +1) layers at their interface.

The displacement function of a discretely inho-
mogeneous rod under harmonic vibrations. The solu-
tion to the equation for the n-th layer will take the form
of a sum of travelling waves (incident and reflected)
in complex variables:

LNln (x, t) = A‘l{lei(wtfkﬂx) 4 A;;;ei(thrkﬂx), (7)

where 4! u A7 — the complex wave amplitudes
for the n-th layer, propagating to the left and

A system of linear algebraic equations. The gen-
eral system of linear algebraic equations in terms
of the unknowns is then written as follows:

1 1 0

-1, ﬂll io, ﬂ[,
E E
€

0 -szz,u

0

The analytical solution to the specific problem will
be presented in the form of expression (7) and given
in equation (11):

Re(Al’-e k) L gre w”k”)) x<l
ulx, i) = Re(A}e“"’”klx) +A2’~e[(‘””kzx)) I <x<l+1, (D

Re (A; LR A;‘-ei(w”}x)) L+, <x
Numerical modelling in ANSYS Mechanical
APDL. For the numerical modelling of wave dynam-
ics problems, explicit methods of numerical integration
of the equations of motion are generally used, as they
are straightforward to implement. To calculate the value
of the function at the current step, only the values from
the previous step are used; however, this requires a small-
time step for stability (for example, the Runge — Kutta
method [22] or the finite difference method [23]). Im-
plicit methods are stable with large time steps and solve
systems of equations at each step; this makes future

€
~io, p7'11 io, 7I| I
—im\/%TEle\E im\/a sze \/; /pz
1

Al —ik,L, +Ar ik,L, _AlJrle—lkML” +A;+lelk"*'L";
E,| 4, (<ik, )& " + 47 (ik, )™ | =
En+1|: n+1( lkn+1) ks +A;+l(lkn+l)elk +]L:| (8)
Ay = A+ A
AL =0,

From the system of algebraic equations (8), a gen-
eral solution was obtained for n sections (layers), which
contains 2n — 1 unknown. The solution reduces to a sys-
tem of the form:

{4} = [K]'{F}, 9)

where {4} — the vector of unknown oscillation am-
plitudes in the equation (7); [K] — coefficient matrix;
{F} — the vector of external influence.

Solution for a special case. For specific calcula-
tions and analysis of the propagation patterns of har-
monic longitudinal waves in discretely inhomogene-
ous linearly elastic rods, let us consider the case where
the number of layers (sections) is N = 3. The extended
coefficient matrix [K] for this variant is given below:

0 0 0 4,

—iu)\/gll lu)\/;:h 0 0 g

ngl 0 0 0

0 (10)

i, |22 (1 + 1) —io [F(h+1, o[22 (1, + 0

\FI L) \/7(1 L) \r(l L) .

0 \/g *Lﬁ)\/:/]ﬁ'l \/E ,m71,+12 \/E ﬂw\El,u \/EEQ\FMI )10
0

0]

values dependent on themselves, which increases their
computational complexity (e.g., the Crank — Nicholson
method [24], the Newmark method [25] or the Hilbert —
Hughes — Taylor-a (HHT-a) method [26]). The choice
of method depends on the requirements for accuracy, sta-
bility and available computational resources.

In this study, ANSYS Mechanical APDL soft-
ware was used for numerical modelling, which imple-
ments implicit methods for the numerical integration
of the equations of motion.

In linear structural dynamics systems, the internal
load is linearly proportional to the nodal displacements,
and the stiffness matrix of the system remains constant.
The equation of motion in matrix form for the finite ele-
ment method can be written as follows':

(M)} + [CTHu} + [K]{u} = {F7], (12)

where [M] — global mass matrix (usually diagonal
or consistent); {#i}, {u}, {u}, {F'} — vectors character-
izing the nodal accelerations, velocities, displacements

! Theory Reference. Release 2024R1 ANSY'S Inc. Canonsburg, 2024.
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and load, respectively, as functions of time; [C] —
global damping matrix; [K] — global stiffness matrix
of the system.

In this study, the system of equations (12) is solved
using the Newmark method [25]. The family of New-
mark integration algorithms is one of the most popular
methods of time integration as a single-step algorithm,
which has proven itself in practice for implicit dynam-
ics problems in the mechanics of deformable solids.
The equation of motion (12) can be rewritten as:

(M1, + [CHu,, § + [KHu,, b =} (13)

where {ii  } = {6t )}, {u,,} = {u(z, )} and {u | =
= {u(t,,)} — accordingly, the vectors of nodal accelera-
tions, velocities and displacements at a given instant (¢ , );
WL = A (¢} — the vector of applied nodal loads.

In addition to Equation (13), the family of New-
mark time-integration algorithms requires the displace-
ments and velocities to be updated as follows:

3=y + (1 =8)i,j +8{i, ]A;  (14)

fu 3= {u}+ i YAr+ [(12— a) i } + adii | }JAR, (15)

where a and 6 — Newmark integration parameters

2
621, azl[l+8) 5
2 4\ 2

Ultimately, the Newmark integration scheme consists
of three finite difference equations, expressed in equation
(13) in terms of equations (14) and (15), as well as three
unknowns {ii .}, {z .} and {u .}, which can be calcu-
lated numerically using three algebraic equations together
with three known values {ii }, {1 } and {u }.

Using equations (13)—(15), the one-step algorithm
in terms of the unknown {u . } and the three known
quantities can be written as:

(o [M]+ o, [CT+ [KDAw,, ;= {F,, ) + [M)(o{u, } +
totu} ogdi )+ [Clog{u ) +odi ) +odi,)), (16)

1 ) 1 1
where oy =——, o, =——, a,=——, o, =—-1,
aAt oAt aAt 20
3 At( 8 . .
o, =—-1L a;= 7(— - 2] — integration parameters.
o}

Initial and boundary conditions. The boundary condi-
tion at the left end is defined in the same way as the con-
dition in equation (3), in the form of a specified displace-
ment vector as a function of time. Non-reflecting boundary
conditions (Sommerfeld conditions [20, 217) are not avail-
able in the ANSYS Mechanical APDL code. There are
several other approaches for implementing non-reflecting
boundary conditions in wave dynamics problems:

1. Absorbing boundary conditions (ABC). These
are used to minimize wave reflections from the bound-
aries of the computational domain. They are imple-
mented using special FLUID129 or FLUID30 ele-
ments (for acoustic problems) or via absorbing masses
and dampers. The basic principle is to introduce damp-
ing effects at the boundary.

2. Perfectly Matched Layers (PML). These are
used for electromagnetic, acoustic and certain elastic
problems. PML creates an artificial region with a mate-
rial that absorbs wave energy without reflection. Con-
figured via the material properties specified in the ab-
sorbing layer elements [27].

3. Impedance boundaries. Used to model the wave
impedance of the medium at boundaries. Frequently
used in acoustics and hydrodynamic problems to simu-
late open boundaries.

4. Infinite elements. Typically used in acous-
tic problems (e.g., INFIN110 elements). They allow
the modelling of unbounded domains without artificial
reflections [28, 29].

However, the simplest method to implement is
to extend the computational domain beyond the bound-
aries of the region of interest (by a distance signifi-
cantly greater than its size). This approach allows
waves to propagate beyond the computational domain
in a “natural” manner. However, this approach also has
drawbacks, stemming from the fact that it is impossible
to create an infinite computational domain in numerical
modelling. Waves that have passed through the region
of interest will, at some point in time, begin to reflect
off the right boundary. To address this, an additional
computational domain was created in the numerical
simulation (the area shown in blue in Fig. 2), the length
of which is an order of magnitude greater than the do-
main under consideration, and a limited time interval is
analyzed until the waves reflect off the right-hand end.

Initial conditions for numerical simulation u(x, 0) =
= 1(x, 0) = 0. This choice is dictated by the nature
of the numerical solution, where specifying an ampli-
tude at the initial time could result in an impulsive effect.
The process reaches a steady-state oscillation after a cer-
tain period of time, typically the time it takes for the first
wave to travel from the left to the right edge of the com-
putational domain under consideration.

Selection of finite element (FE) types and numeri-
cal simulation parameters. For the numerical simula-
tion, the LINK 180 FE was used — a uniaxial tension-
compression element with three degrees of freedom
at each node. The total simulation time was ¢ = 100,
with a number of steps NSUBST = 1,000.

(IR
{8 o 3 [

Fig. 2. Finite element models for different mesh configurations (30, 150 and 300 elements)
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Discretization of the computational domain. The nu-
merical solution is presented for the special case where
the number of layers is N =3 (Fig. 3). As stated in the prob-
lem statement section, the right-hand end of the rod was
extended to allow the waves to propagate over a consid-
erable distance, in order to avoid reflection and its influ-
ence on the region of interest in the solution. The extended
domain is shown in blue in Fig. 2 and is not shown in its
full length.

To investigate mesh convergence, three finite element
mesh configurations were examined, with the region of in-
terest on the rod divided into 30, 150 and 300 elements.
The aim of this study is to determine the optimal element
size for obtaining a numerical solution that is independent
of the mesh configuration. The numerical solution will be
compared with the analytical solution for a layered mate-
rial with identical wave propagation velocities in the me-
dium (harmonic oscillations of equal amplitude).

RESEARCH RESULTS

Analytical solution. Fig. 3(a) shows the results
for N =3 layers in the following cases (assuming equal
segment lengths /, =/, =/, = 10 m and the same fre-
quency of external excitation ® = 1):

1. All wave propagation speeds are equal ¢, = ¢, =
= ¢,. This scenario corresponds to the following values
for the material constants: £, = E, =E,=1,p, =p,=p,= L.

2. When the wave propagation speeds for each
successive medium are half those of the previous one
¢, >c¢,>c, (c, = 2c, c,= 2c,). The following material
constants apply: £, =16, E,=4, E.=1,p, =p,=p, = |.

3. When the wave propagation speeds for each suc-
cessive medium are twice as high ¢, <c, <c, (¢, = 2¢,,
¢, = 2c,). The following values of the material constants
apply: £, =1, E,=4,E,=16,p, =p,=p,= L.

4. When the wave propagation speeds for each suc-
cessive medium are ¢, <c, > ¢, (¢, = 4c,, ¢, = 2c,). This
scenario corresponds to the following values for the ma-
terial constants: £, =1, E, =16, E, =4,p =p,=p,= 1.

The materials were selected in dimensionless
units: the elastic moduli are normalized to a base value
of £, and the densities to p,,.

The following conclusions can be drawn from
the results obtained:

1. Equality of wave propagation speeds (¢, =c,=c,).
The results show stable energy transfer through the lay-
ers with minimal distortion and a uniform oscillation
amplitude.

2. The effect of amplified oscillation amplitudes
and increased oscillation frequency when the wave
propagation speeds for each subsequent medium are
half as fast (¢, > ¢, > c,).

3. The effect of reduced amplitudes and decreased
oscillation frequency when the wave propagation
speeds for each subsequent medium are twice as fast
(¢, <c,<cy.

4. In cases where the wave propagation speeds
for each successive medium are defined as ¢, < ¢, > c,,
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a complex transition occurs in the region between
the first and second layers, where the wave propagation
speeds in the media differ by a factor of four.

A discretely heterogeneous material allows for ef-
fective control of wave propagation characteristics.
By altering the material properties (density, elastic
modulus) that influence wave propagation speeds
within the medium, it is possible to deliberately shape
the amplitude-frequency characteristics. This opens
up prospects for the application of such structures
in the development of directional seismic barriers, fil-
ters and waveguides.

Let us consider the behaviour of a discretely inho-
mogeneous rod in the case where ¢, < ¢, <c, (¢, = 2c,,
¢, = 2c¢,) at different frequencies of external influences
(=1, 0=2,0=50=10).

Fig. 3(b) shows that as the frequency of the exter-
nal excitation increases, there is a significant change
in the amplitude-frequency characteristics of the oscilla-
tions. In the low-frequency range, the amplitudes remain
relatively stable and vary only slightly along the rod.
As the frequency increases, resonant amplitude peaks
are observed, associated with the tuning of the material
parameters and the rod structure. At high frequencies,
the amplitudes change sharply, exhibiting complex oscil-
lation patterns. The presence of inhomogeneities signifi-
cantly influences the shape and magnitude of the ampli-
tudes. Parameters such as segment lengths, the frequency
of the external excitation, and differences in material
properties (density, elastic moduli) play a key role in de-
termining the nature of the vibrations.

The graph in Fig. 3(b) highlights the importance
of taking into account the frequency of the excitation
and the structure of the rod when designing seismic
barriers and waveguides. By controlling the parameters
of the inhomogeneities, it is possible to achieve targeted
wave attenuation or the formation of energy concentra-
tion zones.

For the same material parameters, let us consider
the variation of displacements over time at the frequen-
cy of the external excitation ® = 5 (Fig. 3, ¢). Results
are shown for three points in time: at the maximum
and minimum amplitudes over time, and at the moment
when, at the left end of the rod = 1 (the boundary con-
dition takes its maximum value over time).

At the point of maximum amplitude, pronounced
peaks are observed at fixed points, which is attributed
to resonant phenomena within the rod’s inhomogene-
ous structure. At the point of minimum amplitude,
the oscillations are significantly damped, indicating
phase interference of waves within the inhomogeneous
system. The inhomogeneity of the rod’s structure cre-
ates zones of energy concentration and regions of sig-
nificant amplitude reduction, which is associated with
the reflection of waves at the boundaries between re-
gions with different physical and mechanical proper-
ties. At the point of maximum excitation at the left end,
the amplitude distribution is characterized by a strong
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Fig. 3. Dependence of oscillation amplitudes: a — for different material parameters (different wave propagation speeds

in the medium, c); b — for different frequencies of external excitation, m; ¢ — as a function of time, ¢
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Fig. 4. Displacement amplitudes of a homogeneous rod in steady-state vibration for various mesh parameters of the computa-

tional domain

influence of the boundary condition, where energy is
intensively transmitted through the rod.

The dynamics of the oscillations highlight the im-
portance of the time factor in analyzing wave processes
in discretely inhomogeneous materials, which is associ-
ated with the appearance of both standing and travelling
waves. Wave interaction caused by inhomogeneity leads
to the emergence of complex time-dependent relation-
ships, including phase shifts and amplitude modulations.

Numerical solution in ANSYS Mechanical APDL.
Fig. 4 and 5 present the results of a mesh convergence
study for different finite element mesh configurations,
compared with the analytical solution for a layered
material with uniform wave propagation velocities
throughout the medium. The solution to the problem
in this configuration is a steady-state harmonic signal
with a uniform amplitude of oscillation across all layers
of the material.

The simulation results show that as the number of el-
ements increases, the accuracy of the numerical solution
improves, approaching the analytical solution. Coarser

meshes (e.g. 30 elements) exhibit significant deviations
from the analytical solutions, which is due to insufficient
detail in the modelling of stress and strain gradients.
Based on the study of mesh convergence, the solutions
with optimal accuracy were obtained on a mesh with 300
elements. This mesh was used for subsequent calcula-
tions of discretely heterogeneous materials with different
wave propagation speeds in the media.

Verification of the numerical model. A discretely
inhomogeneous beam was considered for the case,
where ¢, <c¢, <c, (¢, = 2¢,, ¢, = 2c,). Material proper-
ties: £, =1,E,=4,E,=16,p, =p,=p,=1.Fig. 6and 7
show the results of numerical modelling compared with
the analytical results.

The numerical value of the error was determined
based on the standard deviation between the analytical
and numerical calculations:

Sj‘)(:'ua ( W_un ( TM

-100 71, (17)

max|ua ( ﬂ)|

1

0.5 7

—0.5 4

— ANSYS; kel =300

— ANSYS; kel = 150

X, m

— ANSYS; kel =30  — Analytical solution

Fig. 5. Effect of mesh partitioning on the numerical solution for a homogeneous beam
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Fig. 6. Displacement amplitudes of a discretely inhomogeneous rod in steady-state vibration
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Fig. 8. Variation of specific kinetic energy («) and potential energy (b) along the length of a discretely inhomogeneous rod

where u (x), u, (x) — the analytical and numerical solu-
tions at the point x, respectively.

The verification results show that numerical model-
ling in ANSY'S Mechanical APDL allows for an adequate
description (with an accuracy of up to 5 % at the point
of greatest deviation) of the distribution of vibration am-
plitudes for a discretely inhomogeneous material.

Fig. 8 shows the values of kinetic energy and de-
formation energy at this particular moment in time,
from which it can be seen that their distribution along
the inhomogeneous rod is non-uniform. This is due
to the inhomogeneity of the material and the frequency
of the wave excitation. The energy maxima are concen-
trated in specific zones.

CONCLUSIONS AND DISCUSSION

Based on the study of the propagation of harmonic
longitudinal waves in discretely inhomogeneous linearly
elastic rods, the following conclusions can be drawn:

1. A general analytical solution has been developed
for a harmonic acoustic wave in a semi-infinite discretely
inhomogeneous linearly elastic rod consisting of an arbi-
trary number of layers.

2. Based on the analytical solution developed, key
patterns of the propagation of harmonic longitudinal
waves in discretely inhomogeneous linearly elastic rods
have been established. It has been found that the discrete

inhomogeneity of the material significantly influences
the amplitude-frequency characteristics and the distribu-
tion of vibrational energy, creating both zones of amplifi-
cation and attenuation of dynamic effects.

3. It was shown that targeted modifications to
the physical and geometric properties of the material
(moduli of elasticity, density, segment lengths and num-
ber of layers) enable the generation of specified ampli-
tude-frequency characteristics of wave fields.

4. A comparison of analytical solutions with the re-
sults of numerical modelling in ANSYS Mechanical
APDL demonstrated good agreement between them.
The average norm of the difference between the ana-
lytical and numerical calculations did not exceed
5 %. Detailed finite element calculations showed that,
for the model under consideration, the finite element ap-
proximations converge to the analytical solution.

5. The results obtained open up broad prospects
for engineering applications. By controlling the hetero-
geneity parameters, it is possible to design seismic bar-
riers, waveguides and filters with predefined dynamic
properties, thereby increasing the structures’ resistance
to vibration and seismic effects. Thus, the analytical so-
lution developed and the proposed method for numerical
modelling of the wave dynamics of discretely inhomo-
geneous rods can serve as a basis for further theoretical
research and applied developments in the field of wave
dynamics of inhomogeneous materials.
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